
COMP 6839Problems

1. Let Y = dR with theEuclideannorm

||y|| =
1/2( d

∑
j = 1

2yj )
(a) Cauchy-Schwarzinequality:

| d

∑
j = 1

yjzj | ≤ ||y|| . ||z||

Hint: considertheproduct(λy + z)⋅(λy + z) asa functionof λ; doesit takenegative
values?

(b) Using(a),establishthetriangleinequalityfor theEuclideannorm.

2. Showthat||y|| = maxx∈[a,b]|y′(x)| definesanormfor thelinearspace

Y0 =




y∈ 1C [a, b] : ∫
b

a
y(x) dx = 0





butdoesnotdefineanormfor Y = 1C [a, b] .

3.

(a) Verify that||y|| = | y(a) | + maxx∈[a,b]|y′(x)| definesanormfor Y = 1C [a, b].

(b) Showthatmaxx∈[a,b]|y(x)| ≤ (1 + b − a)||y||, ∀y∈Y. Hint: y(x) = y(a) + ∫
x

a
y′(t) dt.

4. With Y = C[0, 1] and (yn) = ((x/2 n) ) ,

(a) Showthat yn → 0 as n → ∞ , using ||y||1 = ∫
1

0
|y(x)| dx .

(b) Showthat yn → 0 as n → ∞ , using ||y||∞ = maxx∈[0,1]|y(x)| .

5. Let Y = C[0, 1] and (yn) = n(x ) .
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(a) Showthat yn → 0 as n → ∞ , for theone-normof thepreviousproblem.

(b) But yn doesnot tendto 0 for theinfinity-norm.Thisshowsthatsequentialconvergence
to avaluedependson thenorm.

6. Let Y = C[a, b] andusethedefinitionof continuityto establishthat J(y) = ∫
b

a
(sinx)y(x)

dx is continuousonY using:

(a) ||y||∞ = maxx∈[a,b]|y(x)|.

(b) ||y||1 = ∫
b

a
|y(x)| dx.

Makeasimilaranalysisfor F(y) = ∫
b

a
sin(y(x))dx. Hint: useameanvalueinequality.

7. Verify thatJ(y) = ∫
1

0
|y(x)| dxdoesnotachieveaminimumvalueon

D = 



y∈C[0, 1] : y(0) = 0, y(1) = 1



althoughJ is boundedbelowby zeroonD.


