Some common cor rections

As with any language, a solution in mathematics is a sequence of sentences, separated by peri-
ods. The sentences are often, but not always, themselves sequences of equalities (or inequali-
ties). They may sometime contain words (“since the function is continuous, the hypothesis of
suchtheorem holds...”). A“solution”which consists of a heap of disconnected expressions will
be considered nonsensical, and may not get any credit.

Some are using the following symbols as if they meant the same thing:

(&) The symbol *="meansequals, and nothing else. It connects expressions, sets, quantities,
or any objects of the same nature, but not statements. It is not an all-purpose connector,
nor does it open a paragraph.

(b) The symbol “0 " meansmplies. It connects sentences or logical statements; it does not
connect values or expressions. For instance:

SIPX+cox =1 02 co®X + 3six = 2 +Sirex
IS correct.
Sirex + co$x M

does not make sensaitfx + co2x” and “1” are not statements.

(c) The symbol“- "meangendsto, as in “has limit”. It cannot be substituted either tol*

” 1] ”

or ="

(Adventures with square root). To solve, séys 5 some like to use as a step:

=5

Omit this step: in real numbers it is redundant, and in complex numbers it is defective. The
correct steps are:

x*-5=0
(X ++5)(x-+/5)=0
yielding the solutions = —/5,x = /5. This way, in complex numbers? = —5gives:
X¥+5=0
(x —+/5i)(x +/5i) = 0...

As for (1), which 1 am asking you to omit, keep in mind that in real numbgxa = |x|, notx.



-2-

We never use the integral symbol without the differential squ(ﬂ(x) is incorrect. If you
are integrating with respect {9you must WriteJ’ f(x)dx.

We never equate differential expressions with scalars:
d(cos) = —sin(6)d6
Is correct (on the right, scalar times differential = differential).
d(co®) = -sin(B)
iS not.

Never write0/0, a/0, a/oo, 0/oo, 0 x 00, oo — 0o, In(0)or any other variant of this style. In
particulareo is not a number.

Use of parentheses. Algebraic symbels — , [J x etc... are not allowed to collide and must
be separated by parentheses. To multiby -y, we writex(-y).“x O-y"or“ x x =y"is
incorrect, even if you reduce the size of the minus sign, raise it and stick it very chpsalso,
X—Yy and x + (=Y) are correct. X+ —y”is not, even if you reduce the size of the minus sign,
raise it and stick it very close tp.

A definite integral is a single number:
12’4(1 +tarf0)de = 1
An indefinite integral is a collection of functions:
ja+ tarf0) d6 = tan@ + C
This integral is a single function of x:
_[2(1 +tarf@) de = tanx

The first might be denoteld the second(0), the third,l (X) or g(x) . We do not have separate
notation for a single function or a collection of functions; | have used capital letters for
collections of functions. It is a mistake to use the wrong notation for any of these three objects,
and an even worse mistake to try to equate any two of different kind.

Note than when given a definite integral, there is no advantage whatsoever to replace it with an
indefinite integral. Any transformation of the integrand is done as a separate step.

In problems where you have to find the volume of a solid of rotation, you are to priovade

figures: one of the plane region, including a plane section of a typical element (annulus or
shell), the other of the generated solid, including the generated whole element (annulus or
shell). Make the figures to be at least 10cm wide. For examples in the text (in case you were
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not paying attention in class), see figure 8 (a) and (b) p.442, and figure 10 p.453. Along with the
element, show which afix or dy plays the role of thickness. Before writing the formdh =

..., have used the step “at position x (or y), inner radius = ..., outer radius = ...” or “at position

x (ory), radius = ..., height = ...”. Follow these steps.

Trigonometric substitutions: you must show not only which substitution you perform, but also
the 6 interval. This involves drawing a certain figure (one or two arcs of the unit circle). You
must also explain why a certain quantity is non-negative. Refer to the preamble of homework
4, and to the examples that | repeated in class on Feb 19. Here is a model solution for this kind
of problem: exercise 3 p.491 of Stewart asks to evaluate

VX2 —4

J’de.

The solution has three steps:

Step 1: name things and indicate the substitution, and what it implies.
Step 2: transfornfi(x) dx in terms of6, starting with the square root, and then the rest.
Step 3: integrate, then transform back (®).

The solution will be, verbatim:
Step 1

Let f (x) be the integrand anix) = If(x) dx . Letx = 2sec®, with 6 in one of these
guadrants:

o\ Thendx = 2secO tand do
\Q and tamd = 0. (1)

Step 2

VX2 -4 =./4seéb - 4
= 2/seéb -1
= 2|tan6| (2)

= 2tan®, since tarB =0 (3)
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_ 2tan@
f(x)dx = 5008 2secOtanB do

= 2tarf de.
Step 3

J’Ztar?e de = J'2(1 +tarf@ — 1)de

= 2(tanB6 - 0) +C.

[(X) = 2/X2 — 4 — 2arcse¢x/2) +C.

In summary, your solution must contain the figure showing the quadrant8 &nd the
corresponding caption (both labelled (1)) and the sub-steps labelled (2) and (3) including “ since
tan® = 0. You will not regret later this attention to detail.

Break down your solution into sentences. In the above example, there are seven sentences (an
uninterrupted sequence of equalities makes one sentence): three in step 1, two in step 2, two in
step 3. Try writing the same solution without giving names to the intedgrggdnd the integral

I (X) . You will have either to write the same expression in full more than once, or write a long
sequence of equalities, separated by interruptions X‘let ...”) and yielding a number of
dangling “="signs. So it is good practice to name things in problems that involve intermediate
steps: substitution, integration by parts, partial fractions. This means most or all of the sections
in chapter 7.

The comparison theorem for integrals implies that a positive integrand over an interval cannot
have a negative integral. The same theorem also implies that a negative integrand cannot have
a positive integral.

We do not mix variables inside integrals. If in
1
e3x
dx
Io 1+¢€
you perform the substitutiom = €, the result will be
e
I W qu
1 1+uU

& @ .
only u appears)f —— duis incorrect.
(only uappears)f =~




