Tipsand common corrections

[1] Somecommentsboutnotation.

(@)

(b)

(€)

(d)

(e)

(f)

The symbol“ = ” meansequals, and nothing else.It connectsexpressionssets,
guantitiespr ary objectsof thesamenature put notstatementst is notanall-purpose
connectornor doesit opena paragraph.

Thesymbol* [0 " meansmplies. It connectsentencesr logical statementdt does
not connectvaluesor expressionsk-or instance:

SirPx + co$x = 1 O 2co€x + 3si’x = 2 + sir’x.
Thesymbol“ - " meandendsto, asin “haslimit”. It cannotbe substitutedo” [ ”

Thesyntheticsetnotationdescribes subsebf aknown setby thegenerigropertyof
its membersFor instancetheregion of theplanewherex < y canbewritten

D ={(xy):x<y}

Alternative notationssuchas“{R? : x < y}” andvariantsthereofarenonsensicafnd
betterdiscarded.

Useof parentheses.

To multiply x by -y, wewrite X(-y). “x O-y” or“ X x —y” isincorrectgevenif you
reducethesizeof theminussign,raiseit andstickit veryclosetoy.

Also, x -y and x + (-y) arecorrect” X + —y” isnot,evenif youreducethesizeof
theminussign,raiseit andstickit veryclosetoy.

dz oz
dx’ ax
functionof x only, possiblythroughintermediatevariables) whereaghe seconds a
partialderiative.

The notations—— meandifferent things. The first is a total derivative (z is a

Somewrite “( Ilm( 0 f(x,y)” tomean:“limit alongthe x-axis”. Thisisincorrect:
X,
(x,0) is avarlablepomt notafixedpoint.You maywrite:

)|(I£TIO f(x,0)

since,alonga curwe (the x-axis),thefunctionbecome®ssentiallya functionof one
variableonly. A betterway (whichworksnotonly for theaxes,but for any curvein the
plane)is to useparametrieequationgor the pathalongwhich you take thelimit, asl
shovedin classln thecasesay of theparabolax = y?, thoseequationsnightbe

(x,y) = (t21), -0 <t < o0,

andthenyour limit becomesim f (t 2 1).
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(g) Thesymbolf, in itself, doesnot meanary genericfunction,the particularinstance
of which hasto beguessedrom context by the puzzledreaderThereis atendeng to
usef (asin f_, fy) in problemsw~herenof is given.In generalyou mustnot useary
symbolnot givenby the problem unlessyou defineit first. If youmean‘z = f (X, y)’,
thenyou muststateso.

(h) Weneverusetheintegralsymbolwithoutthedifferentialsymbol. J’ f(X) isincorrect.

If youareintegratingwith respecto x, you mustwrite J’ f(x)dx. If youareintegrating
onaplaneregionwith respecto areayoumustusedA(or dxdy, or r dr d6, asthecase
maybe).

In thexy plane,anequation

F(xy)=C D
correspondo a curve,andtheinequality

F(x,y)<C (2

to aregionboundedoy theabove curve.Thisis how youfind (anddraw) theregiondefined
by (2).Forinstancetheregiony? < x istheinsideof a parabolgdraw it). Ontheotherhand,
avoid nonsensicadlgebrasuchasthis:

“V<xOys< +4x”

(Whatdoesy < # i/x meanzhat“y < /xory < —X’ or“y < /xandy < yx'? You
may checkthat neitherof the regionsdefinedby thesetwo statementss the inside of
theparabola.)

Findingtherangeof afunction.
We illustratewith thismodelexamplefind therangeof thefunction

f(x,y) = log(g(X, y)) = log(x®* = y?).

Thedomainof f istheregionD = {(X,y) : X* — y* > 0}, whichis theunionof two open
guadrantspf boundarythetwo linesy = + x.

Therangeof f is theimageunderlog of theimageunderg of thedomainD, where

g(X,y = X2 - y2

Thecrucialstepis to determingg(D). By propertyof D, thisimageis containedn | = (0,
00). If we canshaw thatg(D) fills all of I, thenf (D) = log(g(D)) will bethewholerealline:
thelog functionbeingmonotonancreasingit sendsntenalsto intervals,andit sendd =
(0, o) to all of R, asis easilyseerfrom its graph.

Thedifficulty of determiningy(D) is thatg is a functionfrom two variablego one,andits
graphis a surface However, if we canfind a curve C containedn D suchthatg(C) = I,
thenwe aredone sincein thechainof inclusions
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9(C)bgd) O,

thesetsbetweernwhich g(D) is squeeze@reequal.C intersectghenall thelevel setsof g
(why?) Thereasorwelook for acurweisthat,uponparametrisinghecurve,therestriction
of gto Cisafunctionof asinglevariable(namelytheparameterjandto find theimageof
C, we usethegraphof thatfunction.

lllustrateon this examplethelevel setsof g areall the hyperbolaeof equationx? — y* =
k, wherek > 0. Knowing this,or simply by guessingwe areleadto a suitablechoiceof the
curve C: acurvewhichintersectall thelevel setss theopenhalf of thex axis,

C={(t,0):0<t<o0}.

Theng(C) = {t?-0:0 <t < oo} Thisistheimageunderthesquareunctionh(t) = t 2 of
theintenal (0, o), and,from thegraphof the squargunction,thisimageis indeedall of |
= (0, ). Which endstheproof.

“\X2 = x” iswrong,sincex maybe negative. Thecorrectformulais /2 = | x |, whichis
moreprecisehan®y/x2 = £ X".

Thepreferredway to find a tangentplaneto a surfaceis to representhe surfaceasa level
set,evenif givenin functionalform. For examplex = y? - Z isequialenttox — y* + 22 =
0, andnotequialentatall to z = \/y2 — x, aspointedoutin note[4].

Distinguishbetweenthe expressionof a function andits valueat a particularpoint. If |
foundthatthegradientof f is X%, z, —~yCandl will needits valueat (1,1, 0), | don't write

Of (x,y,2) = ¥, z, -yO= (1,0, -10
but | write two separatstatements:
Of (x,y,2) = ¥, z, -yO
Of (-1,1,0) = 1, 0, -10]

Onthesamesubjectyesene,in generalsymboldikex, y, z... for genericcoordinatesand
referto particularvaluesby usingsubscriptedariablesin theexampleabove, it is betterto
state‘let (X,, ¥,» Z,) = (=1,1,0)" than“let (x,y, 2) = (-1,1,0)".

“a = cosh” and“b = cos (a)” arenot equivalentstatementatall (oneimpliesthe other
but unfortunatelynotin thedirectionyouwould like). Referto your precalculugext asto
why. The only useof the so-called‘inversetrigonometricfunctions” (which arenot true
inversefunctions)is alongwith tablesor calculatorsDo not usethemin thiscourse(atthe
risk of penalty) andusethemwisely andsparinglyoutsidethis course.

Whencomputingteratedintegrals,do not usethe styleof thetext:

DX=\/Y

y 2
J’(ll]’\/y(x+y) dxdyzj’lg(F+yXD dy = ...
y 02 ey



but rather, break into steps:
1.y
I :Iofy (x +y) dx dy
\/* _
[ x+y)de= 2y = y) + Yy - )

l =j$%(y—y2) +Y(Wy-y)dy=...



