
Tips and common corrections

[1] Somecommentsaboutnotation.

(a) The symbol “ = ” meansequals, and nothing else.It connectsexpressions,sets,
quantities,or any objectsof thesamenature,but notstatements.It isnotanall-purpose
connector, nordoesit openaparagraph.

(b) Thesymbol“ ⇒ ” meansimplies. It connectssentencesor logicalstatements;it does
notconnectvaluesor expressions.For instance:

2sin x + 2cosx = 1 ⇒ 2 2cosx + 3 2sin x = 2 + 2sin x .

Thesymbol“ → ” meanstends to, asin “haslimit”. It cannotbesubstitutedto “ ⇒ ”.

(c) Thesyntheticsetnotationdescribesasubsetof aknown setby thegenericpropertyof
its members.For instance,theregionof theplanewherex < y canbewritten

D = {(x, y) : x < y}

Alternativenotationssuchas“{ 2R : x < y}” andvariantsthereofarenonsensical,and
betterdiscarded.

(d) Useof parentheses.

To multiply x by −y, wewrite x(−y) . “x ⋅ −y” or “ x × −y” is incorrect,evenif you
reducethesizeof theminussign,raiseit andstick it verycloseto y .
Also, x − y and x + (−y) arecorrect.“ x + −y ” is not,evenif youreducethesizeof
theminussign,raiseit andstick it verycloseto y .

(e) The notations dz
dx

, ∂z
∂x

meandifferent things.The first is a total derivative (z is a

functionof x only, possiblythroughintermediatevariables),whereasthesecondis a
partialderivative.

(f) Somewrite “ lim
(x,y)→(x,0)

f (x, y) ” to mean:“limit alongthe x-axis”. This is incorrect:

(x, 0) is avariablepoint,notafixedpoint.Youmaywrite:

lim
x →0

f (x, 0)

since,alonga curve (the x-axis),thefunctionbecomesessentiallya functionof one
variableonly.A betterway(whichworksnotonly for theaxes,but for any curvein the
plane)is to useparametricequationsfor thepathalongwhich you take thelimit, asI
showedin class.In thecase,say, of theparabolax = 2y , thoseequationsmightbe

(x, y) = 2(t , t), −∞ < t < ∞,

andthenyour limit becomeslim
t →0

2f (t , t).
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(g) The symbol f , in itself, doesnot meanany genericfunction,the particularinstance
of whichhasto beguessedfrom context by thepuzzledreader.Thereis a tendency to
usef (asin fx , fy ) in problemswhereno f is given.In general,youmustnot useany
symbolnot givenby theproblem,unlessyoudefineit first. If youmean“z = f (x, y)”,
thenyoumuststateso.

(h) Weneverusetheintegralsymbolwithout thedifferentialsymbol. ∫ f (x) is incorrect.

If youareintegratingwith respectto x, youmustwrite ∫ f (x)dx . If youareintegrating
onaplaneregionwith respecttoarea,youmustusedA (or dx dy, or r dr dθ, asthecase
maybe).

[2] In thexy plane,anequation

F(x, y) = C (1)

correspondto acurve,andtheinequality

F(x, y) ≤ C (2)

to a regionboundedby theabovecurve.Thisis how youfind (anddraw) theregiondefined
by (2).For instance,theregion 2y ≤ x is theinsideof aparabola(draw it). Ontheotherhand,
avoid nonsensicalalgebrasuchasthis:

“ 2y ≤ x ⇒ y ≤ ± √x ”

(Whatdoesy ≤ ± √x mean?that “y ≤ √x or y ≤ − √x” or “y ≤ √x and y ≤ √x”? You
may checkthat neitherof the regionsdefinedby thesetwo statementsis the inside of
theparabola.)

[3] Findingtherangeof a function.

Weillustratewith thismodelexample:find therangeof thefunction

f (x, y) = log(g(x, y)) = 2log(x − 2y ).

Thedomainof f is theregion D = {(x, y) : 2x − 2y > 0}, which is theunionof two open
quadrants,of boundarythetwo linesy = ± x.

Therangeof f is theimageunderlog of theimageunderg of thedomainD, where

g(x, y) = 2x − 2y .

Thecrucialstepis to determineg(D). By propertyof D, this imageis containedin I = (0,
∞). If wecanshow thatg(D) fills all of I, thenf (D) = log(g(D)) will bethewholerealline:
thelog functionbeingmonotoneincreasing,it sendsintervalsto intervals,andit sendsI =
(0, ∞) to all of R, asis easilyseenfrom its graph.

Thedifficulty of determiningg(D) is thatg is a functionfrom two variablesto one,andits
graphis a surface.However, if we canfind a curve C containedin D suchthatg(C ) = I,
thenwearedone,sincein thechainof inclusions
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g(C) ⊂ g(D) ⊂ I,

thesetsbetweenwhich g(D) is squeezedareequal.C intersectsthenall thelevel setsof g
(why?) Thereasonwelook for acurveis that,uponparametrisingthecurve,therestriction
of g to C is a functionof asinglevariable(namely, theparameter),andto find theimageof
C, weusethegraphof thatfunction.

Illustrateon thisexample:thelevel setsof g areall thehyperbolaeof equation 2x − 2y =
k, wherek > 0. Knowing this,or simplyby guessing,weareleadto asuitablechoiceof the
curveC: acurvewhich intersectsall thelevel setsis theopenhalf of thex axis,

C = {(t, 0) : 0 < t < ∞}.

Theng(C) = { 2t − 0 : 0 < t < ∞} Thisis theimageunderthesquarefunctionh(t) = 2t of
theinterval (0, ∞), and,from thegraphof thesquarefunction,this imageis indeedall of I
= (0, ∞). Whichendstheproof.

[4] “√ 2x = x ” is wrong,sincex maybenegative.Thecorrectformulais √ 2x = | x | , which is
moreprecisethan“√ 2x = ± x”.

[5] Thepreferredway to find a tangentplaneto a surfaceis to representthesurfaceasa level
set,evenif givenin functionalform.For example,x = 2y − 2z is equivalentto x − 2y + 2z =
0, andnotequivalentatall to z = √ 2y − x, aspointedout in note[4].

[6] Distinguishbetweenthe expressionof a function andits valueat a particularpoint. If I
foundthatthegradientof f is 〈 2x , z, −y〉 andI will needits valueat (−1,1, 0), I don’t write

∇f (x, y, z) = 〈 2x , z, −y〉 = 〈1, 0, −1〉

but I write two separatestatements:

∇f (x, y, z) = 〈 2x , z, −y〉

∇f (−1,1,0) = 〈1, 0, −1〉.

On thesamesubject,reserve,in general,symbolslikex, y, z… for genericcoordinates,and
refertoparticularvaluesby usingsubscriptedvariables.In theexampleabove,it isbetterto
state“let (x0, y0, z0) = (−1,1,0)” than“let (x, y, z) = (−1,1,0)”.

[7] “a = cosb” and“b = −1cos (a)” arenot equivalentstatementsat all (oneimpliestheother,
but unfortunately, not in thedirectionyouwould like).Referto your precalculustext asto
why. Theonly useof theso-called“inversetrigonometricfunctions”(which arenot true
inversefunctions)is alongwith tablesor calculators.Do notusethemin thiscourse(at the
risk of penalty),andusethemwiselyandsparinglyoutsidethiscourse.

[8] Whencomputingiteratedintegrals,donotusethestyleof thetext:

∫
1

0∫
√y

y
(x + y) dx dy = ∫

1

0





2x
2

+ yx




x = √y

x = y

dy = …
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but rather, break into steps:

I = ∫
1

0∫
√y

y
(x + y) dx dy

∫
√y

y
(x + y) dx = 1

2
(y − 2y ) + y(√y − y)

I = ∫
1

0
1
2

(y − 2y ) + y(√y − y) dy = …


