
Notesand commentson section12.6

This innocent-lookingsectionactuallycontainsa lot of fundamentalideas.Takeenoughtime to
studyit.

1. Geometricsetsandcartesianequations.A cartesianequationis anequationinvolving x, y, z
andno othervariables,unlike parametricequations,which involve auxiliaryvariables.Ex: in
theplane,theequationx = y andtheparametricequations

x = t, y = t, −∞ < t < ∞

describethesameset,thefirst bisector.

In space,surfacescorrespondto a singleequation(sox = 0 is theyz-plane)andcurves,being
the intersectionof two surfaces,requiretwo equations.The equations(therearetwo) of the
x-axisarey = 0, z = 0 . Indeed,thex-axisis theintersectionof thexz plane(y = 0) andthexy
plane(z = 0).As yousee,themoretheequations,thesmallertheset.

2. Symmetries.In theplanexy, symmetriesareaboutlinesor points.Thecurvex − 2y = 0 is
symmetricaboutthex-axis,sincereplacingy by -y in theequationdoesnotchangeitsvalidity.
Eg.,thepoints(4, 2) and(4, −2) aresymmetric(mirror image)aboutthex-axis.

In space,symmetriescanbeaboutplanes,linesor points.Thecylindrez = 2x (seeex1p.834)
is symmetricaboutthe yz-plane,sincereplacingx by -x doesnot changethevalidity of the
equation.Is it symmetricaboutthez-axis?Yes,sincereplacingeach(x, y) by ( − x, − y) in the
equationalsoleavesit undisturbed.Is it symmetricabouttheorigin?For this,replacing(x, y, z)
by ( − x, − y, − z) shouldhavenoeffect.Sincethisis not thecase(z ≡/ − z), theansweris no.

Quizquestion:is it symmetricaboutthey-axis?

Another importantkind of symmetryis radial symmetry.It is the symmetryof a surfaceof
revolutionaboutits axis.In example2(b),thecylindre 2y + 2z = 1 hasradialsymmetryabout
thex-axis,sinceeachtracex = k isacircle(in thiscase,thecircle,whichisacurve,hasthetwo
equationsx = k, 2y + 2z = 1).
Thesurfaceobtainedby rotatingthecurvex = √y aboutthey-axisis suchthateachtracewith
theplaney = k, k ≥ 0 is a circle,andthecirclehasradius√k, sincethis is thedistancefrom
(√k, k, 0) to they-axis.Thiscirclehasequations(remember,two):

y = k, 2x + 2z = 2
√k = k .

Sothesurface,which is theunionof thesecirclesask variesfrom − ∞ to + ∞, hasequation
2x + 2z = y .

Notethatweusedtheidentity
2

√k ≡ k, k ≥ 0 . Is also√ 2k = k for anyrealnumberk?

3. Horizontalvsvertical.Thesewordsarein no way symmetric.A verticalgeometricset(say,a
plane)is onewhich is parallel to a certainline (thez-axis).A horizontalplaneis onewhich
is perpendicularto thez-axis,or,equivalently,parallelto thexy-plane.Wedonot reserveany
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wordsfor thoseplanesperpendicularto the x-axis,or parallelto the yz-plane(sucha plane
wouldof coursebevertical,butnotall verticalplaneshavethisproperty).

4. Standardforms(p.835).Notethattheseequationsarein a newsetof variables,whichdepend
on theoriginalonesby somegivenequations.Seeexample8 p.838:theequation

2x + 2 2z − 6x − y + 10 = 0 ,

uponcompletingthesquare: 2x − 6x = 2(x − 3) − 9, becomes:

2(x − 3) − 9 + 22z + 10 − y = 0

which,settingX = x − 3 , Y = y − 1 and Z = z, reads:

Y = 2X + 2 2Z .

5. Useof traces(ex3–7)A generaltraceis of theform z = k (or x, y = k ), wherek is not neces-
sarily0. In ex7, thetraceis emptyfor −2 < k < 2, showingthatthesurfaceis not connected,
andhastwo sheets.

In ex5,thevalue0 of k (z = 0) correspondstoasingularity: 2y − 2x = k will beahyperbolawith
2 branchesfor k =/ 0, butdegeneratesto two crossinglinesy = ± x whenk = 0 .Notethatthese
two linesarethefixedasymptotesof thewholefamily of hyperbolas:thesamefor all valuesof
k .

Moral: to usetraces,youmustconsiderall possiblevaluesof thelevelk, notonly k = 0 .

6. Table1.Parsingtheterminology.An elliptic paraboloid is a surfacefor which tracesperpen-
dicular to onedirection(in this case,thez axis:suchtracesarein a planez = k) areellipses,
andthosetracesperpendicularto eachof twodirections(resp.y = k, x = k) areparabolas.So
evenif oneswitchestherolesof x, y, z,anelliptic paraboloidis nevera “parabolicellipsoid”.
By thisconvention,hyperboloidsof bothkindsareelliptic hyperboloids.In this table,theuse
of “vertical” and“horizontal” is simply dueto the fact that in standardform, exceptfor the
ellipsoid,z playsadifferentrole thanx or y.


