Notesand commentson section12.6

This innocent-lookingsectionactually containsa lot of fundamentaldeas.Take enoughtime to
studyit.

1.

GeometricsetsandcartesiarequationsA cartesianequationis anequationinvolving x, y, z
andno othervariablesunlike parametricequationsyhich involve auxiliary variablesEx: in
theplane theequatiorx = y andthe parametrieequations

X=t,y=t, —oo<t<oo

describaghesameset,thefirst bisector.

In spacesurfacesorrespondo a singleequation(sox = 0 is theyz-plane)andcurvesbeing
the intersectionof two surfacesrequiretwo equationsThe equationgtherearetwo) of the
x-axisarey = 0,z = 0. Indeedthex-axisis theintersectiorof thexz plane(y = 0) andthexy
plane(z = 0). As you seethemoretheequationsthesmallerthe set.

Symmetriesin the planexy, symmetriesareaboutlinesor points.Thecurvex — y* = 0'is
symmetricaboutthex-axis,sincereplacingy by -y in theequatiordoesnot changats validity.
Eg.,thepoints(4, 2) and(4, —2) aresymmetrigmirror image)aboutthex-axis.

In spacesymmetriesanbeaboutplanes|inesor points.Thecylindrez = x? (seeex 1p.834)
is symmetricaboutthe yz-plane sincereplacingx by -x doesnot changethe validity of the
equationls it symmetricaboutthez-axis?Yes,sincereplacingeach(x, y) by ( = X, —y)in the
equatioralsoleavest undisturbedisit symmetricabouttheorigin?Forthis,replacingx, y, z)
by (- x, =y, — 2) shouldhaveno effect.Sincethisis notthecaseg(z # - z), theansweris no.

Quiz questionis it symmetricaboutthey-axis?

Anotherimportantkind of symmetryis radial symmetry.lt is the symmetryof a surfaceof
revolutionaboutits axis.In example2(b),thecylindrey? + 7 = 1 hasradialsymmetryabout
thex-axis,sinceeachtracex = kisacircle (in thiscasethecircle,whichis a curve hasthetwo
equationx = k, y? + Z = 1).

Thesurfaceobtainedby rotatingthe curvex = +/y aboutthey-axisis suchthateachtracewith
theplaney = k, k = Oisacircle,andthecircle hasradiusyk, sincethisis the distancefrom
(Vk, k, 0) to they-axis. This circle hasequationgremembertwo):

y=k, X+2=Jk’=Kk.
Sothesurfacewhich is theunionof thesecirclesask variesfrom —oo to + oo, hasequation

X+Z2=y.
Notethatwe usedtheidentity/k > = k, k = 0. Isalsoyk? = k for anyrealnumberk?
Horizontalvs vertical. Thesewordsarein noway symmetricA verticalgeometricset(say,a

plane)is onewhich is parallel to a certainline (the z-axis).A horizontalplaneis onewhich
is perpendicularto the z-axis,or, equivalentlyparallelto the xy-plane We do not reserveany
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wordsfor thoseplanesperpendiculato the x-axis, or parallelto the yz-plane(sucha plane
would of coursebevertical,butnotall verticalplaneshavethis property).

Standardorms(p.835).Notethattheseequationsarein a newsetof variableswhich depend
ontheoriginal onesby somegivenequationsSeeexampleB p.838:theequation

X +2Z2-6x-y+10=0,
uponcompletingthesquarex? — 6x = (x — 3)* — 9, becomes:
(x-3%2-9+22+10-y=0
which,settingX =x-3, Y =y-1andZ = zreads:
Y = X2+2272,

Useof traceqex3—7)A generalraceis of theform z = k (or X,y = k), wherek is notneces
sarily0.In ex 7, thetraceis emptyfor -2 < k < 2, showingthatthe surfaces not connected,
andhastwo sheets.

In ex5,thevalue0 of k (z = 0) correspondt asingularity:y? — x> = k will beahyperbolawith
2 branchegor k # 0, butdegeneratet® two crossindinesy = + xwhenk = 0. Notethatthese

two linesarethefixed asymptotesf thewholefamily of hyperbolasthesamefor all valuesof
K.

Moral:to usetracesyou mustconsidenrall possiblevaluesof thelevelk, notonly k = 0.

Tablel. Parsingheterminology.An elliptic paraboloidis a surfacefor which tracesperpen
dicularto onedirection (in this casethe z axis:suchtracesarein a planez = k) areellipses,
andthosetracesperpendiculato eachof twodirections(respy = k, X = k) areparabolasSo
evenif oneswitchegherolesof x, y, z, anelliptic paraboloids nevera “parabolicellipsoid”.
By this conventionhyperboloidof bothkindsareelliptic hyperboloidsin thistable,theuse
of “vertical” and“horizontal” is simply dueto the fact thatin standardorm, exceptfor the
ellipsoid,z playsa differentrole thanx ory.



