
Notesand commentson section14.1

Keywordsof thissection:function,domain,range,graph,levelset.

1. Domainvsrange:if f isafunction(synonyms:map,mapping)from partof theplaneto thereal
line, its domain,setof points(x,y)whereit is defined,is a regionin theplane 2R (possiblyall
theplane,asin ex5,8,10,12).Therangeis thesetof all possiblevaluestakenby thefunction.
Findingthedomainof a functionis alwaysrequired;findingtherangeis notalwaysnecessary,
unlesstheproblemsospecifies.

To summarise:for a numericalfunctionof two variables,thedomainis a regionof theplane,
therange,beingasetof values,asubsetof therealline.

2. Finding the domain:this is bestdonegraphically.Refer to ex1(a)p.888.The domainis the
intersectionof 2 regions:wherex + y + 1 ≥ 0, andwherex =/ 1 . In part(b), thedomainis the
singleregionof theplanewhere 2y − x > 0 . Plottinga singleinequalityin theplaneis done
graphically,asweshownext.

3. Takethe inequality 2y − x > 0 . This is a regionof theplanewhich hasboundarythecurve
2y − x = 0 .Seefigure3p.889.Onwhichpartof theboundarydoestheregionlie?Thisis found

by testingtheinequality 2y − x > 0 at twopoints,oneachsideof thecurve 2y − x = 0 . (0, 0) isa
badchoice,sinceit fallsonthecurve.(1, 0) and(−1,0) is asuitablepair,sincetheyfall oneach
sideof theparabola.Now 20 − 1 ≤ 0 (theexclusionof > is ≤ ), and 20 − (−1) > 0 ,whichtells
usthattheregionin questionis theonecontaining(−1,0),whichis the“outside”of theparabola.
It doesnot includethecurveitself,since > is astrict inequality.Ex 4 is solvedsimilarly.

Notethatweneededto testtheinequalityon bothsidesof thecurve.An exampleto illustrate
why asinglesideisnotenough:assumetheinequalityis 2x > 0 . Thentheregionhasboundary

2x = 0 , which is they-axis.But here,testingon thepoints (− 1,0) and (1, 0) showsthatthe
regioncontainsboththeleft half-planex < 0 andtheright half-planex > 0 .

Nevertry to resolveinequalitiesusingMarvelComicsalgebra:

“x < 2y ⇔ √x < ± y”

which,if you think aboutit for a moment,makesnosenseat all (whatdoes“ < ± 2” mean?
andwhy assumethatx hasasquareroot?)

4. Graphs.z = f (x,y), beingasinglecartesianequation,is in generaltheequationof asurface,see
noteson§12.6.In ordertobethegraphof afunctionz= f (x,y), asurfacehastopassthevertical
line test:eachvertical line intersectsit at onepoint at most.Similarly, in orderto representa
functionx = f (y, z), thesurfacemustpassthe“lines parallelto thex-axis” test.

Quizquestion:is thesphere 2x + 2y + 2z = 9 thegraphof anyfunctionz = f (x, y) (or x = f (y, z),
or y = f (x, z) )?

5. Levelcurves.Levelcurvesof a functionz = f (x, y) arecurvesin thexy-plane.Levelcurvesof
a functiony = f (x, z) arecurvesin thexz-plane,etc…Levelcurves,if youcanfind them,are



- 2 -

thebestwayto find therangeof a function(which,asnotedabove,is in generalmoredifficult
to find thanthedomain).Indeed:

Therangeof a functionz = f (x, y) is thesetof all level valuesk suchthat the
correspondinglevelcurvef (x, y) = k is not empty.

Gobackto ex4to illustrate:thelevelcurvesof g(x, y) = √9 − 2x − 2y arecurves

√9 − 2x − 2y = k (1) .

If k < 0, thissetis empty(why?).If k ≥ 0, then(1) is equivalentto

9 − 2x − 2y = 2k , k ≥ 0

which itself reads

2x + 2y = 9 − 2k , k ≥ 0

and,whennot empty,this is a family of circles.Thelargestonehasradius3 (for k = 0) and
ask increases,thesmallestonehasradius0 (for k = 3). Sincetheonly non-emptylevel sets
correspondto 0 ≤ k ≤ 3, thistellsusthattherangeis theinterval[0, 3] .


