Notesand commentson section14.1

Keywordsof thissectionfunction,domainrangegraphlevelset.

1.

Domainvsrangeif f isafunction(synonymsmap,mapping)rom partof theplanetothereal
line, its domain,setof points(x,y)whereit is definedjs aregionin the planeR? (possiblyall
theplane,asin ex5,8,10,12)Therangeis the setof all possiblevaluestakenby the function.
Findingthedomainof afunctionis alwaysrequiredfinding therangeis not alwaysnecessary,
unlesgheproblemsospecifies.

To summarisefor a numericalfunctionof two variablesthe domainis a regionof theplane,
therangepeingasetof valuesa subsebf therealline.

Finding the domain:this is bestdonegraphically.Referto ex1(a)p.888.The domainis the
intersectiorof 2 regionswherex +y + 1> 0, andwherex # 1. In part(b),thedomainis the
singleregionof theplanewherey? — x > 0. Plottinga singleinequalityin the planeis done
graphicallyaswe shownext.

Taketheinequalityy? — x > 0. Thisis aregionof the planewhich hasboundarythe curve

y? - x = 0. Sedfigure3p.889 Onwhich partof theboundarydoesheregionlie? Thisis found

by testingtheinequalityy? — x > 0 attwo points,oneachsideof thecurvey? - x = 0.(0,0) isa

badchoice sinceit falls onthecurve.(1, 0) and(-1,0) is asuitablepair,sincetheyfall oneach
sideof theparabolaNow 02— 1< 0 (theexclusionof > is <),and 02 - (-1) > 0, whichtells

usthattheregionin questionstheonecontaining-10), whichisthe“outside”of theparabola.
It doesnotincludethecurveitself,since > isastrictinequality.Ex 4 is solvedsimilarly.

Notethatwe neededo testtheinequalityon bothsidesof the curve.An exampleto illustrate
why asinglesideis notenoughassumeheinequalityis x? > 0. Thentheregionhasboundary
x? = 0, whichis they-axis.But here testingon the points (-1,0) and (1, 0) showsthatthe
regioncontainsdboththeleft half-planex < 0 andtheright half-planex > 0.

Nevertry to resolveinequalitiesusingMarvel Comicsalgebra:

“X<Y o X< 2y

which,if youthink aboutit for amomentmakesno senseatall (whatdoes* < + 2" mean?
andwhy assumehatx hasa squareaoot?)

Graphsz = f(x,Yy), beingasinglecartesiarequationisin generatheequatiorof asurfacesee
noteson§12.6.n orderto bethegraphof afunctionz =f (x,y), asurfacehasto pasghevertical
line test:eachverticalline intersectst at onepoint at most.Similarly, in orderto represent
functionx = f(y, z), thesurfacemustpasshe*lines parallelto the x-axis” test.

Quiz questionis thesphere + y? + 22 = 9 thegraphof anyfunctionz = f (x,y) (orx = f (y, 2),
ory=1(x,2))?

Level curveslLevelcurvesof afunctionz = f (x, y) arecurvesin thexy-plane Level curvesof
afunctiony = f(x, z) arecurvesin thexzplaneetc...Level curvesjf you canfind them,are



-2-

thebestwayto find therangeof afunction(which,asnotedabovejsin generamoredifficult
to find thanthedomain).Indeed:

Therangeof afunctionz = f (x, y) is thesetof all level valuesk suchthat the
correspondindevelcurvef (X, y) = kis notempty.

Gobackto ex4to illustrate:thelevel curvesof g(x,y) =9 - X2 — y2 arecurves
V- X -y =k (1).
If k < 0, thissetis empty(why?).If k > 0, then(1) is equivalento
9-x -y =K, k=0
whichitself reads
X+y=9-k’ k=0

and,whennot empty,thisis a family of circles.Thelargestonehasradius3 (for k = 0) and
ask increaseshe smallestonehasradiusO (for k = 3). Sincethe only non-emptylevel sets
correspondo O < k < 3, thistellsusthattherangeis theinterval[0, 3] .



