Sectionsl4.3,14.4

Section14.3.Therearenot manydifficultieswith this sectionOncethedefinitionis understoodit
is amatterof practicingthemechanicatomputingskills.

Referto thedefinition4 on p.914,andyou seethat partial derivativesaresimply derivativesalong
pathsaswe haveseenin 814.2 wherethe pathsarelines, paralleleitherto the x-axisor the y-axis.
Sof, (a, b) isthederivativeof f alongthepathparametrisety

x=t,y=b
which,if we setg(t) = f (t, b), isthesameasg'(a) . Thisis whatEquationl p.913statesSimilarly,
fy(a, b) = h'(b),

whereh(t) = f (a, t) . Graphicalillustrationsareon p.915.

Notethatthenotationis completewithout beingredundantt, (a, b) meanghederivativeof f with

respectox atx = a, holdingy fixedto thevalueb.

Anothernotationfor partialderivativewith respecto x at (a, b) isg—; (a, b) . Thisis notthesame

as%((a, b) . The latter notationis only usedwhenf is a function of a single variable.We will
elaborateon thislater,whenwe studythe chainrule,andcompositionof functions.Seealsonote6
of §14.4below.

Section14.4.This sectionis at the heartof Calculus Whereaghe goalof Algebrais to find exact
solutiongo equation®r system®f equationsthegoalof Calculussto appoximateandfind lower

or upperbounds Whenthe functionto approximatedependon two variablesthe approximating
objectis thetangeniplane.

1. InCalculud, youhaveseertheroleof thetangentine to thegraphof f atx = a: thisline exists
only if f hasaderivativeatx = a, andthenits slopeisf’(a) . Theline is thegraphof acertain
functionL(x), whichis calledthe“linear approximatiorof f ata’. Changd or a, andyou get
adifferentlinearapproximationTheusefulnessf L is thesimplicity of its equation:

L(x)=f(@ +f'(a)(x-a)

whichis easyto computepnceyou knowthefixed values (a) andf'(a) . (Newton,Hookeand
Leibniz did not havepocketcalculators)The closerx is to a, the betterthe approximatiorof
f(X) by L(X).

Approximatinga functionof two variablesuseshe samedea.Thedifferenceis thatnowthegraph
of z = f(X,y) isasurfacesothatthetangenbbjectis a planeinsteadof aline. For therestof these
commentslet uslist thefollowing points:

2. Replacinga, b) by (x,, Y,), Equation(2) p.128reads:
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Z=L(x%Y) = L% Yp) + C(X = %) +d(y — ¥)

wherec = f (X, ¥,) andd = fy(xo, y,) arefixedvaluesA commonmistakeis to replacesay,
f (% ¥p) in theformulabyf (x,y), whichnowmakesc afunctionof x,y, sothat(2) is nolonger
theequatiornof aplane.

Whenthe equationof thetangentplaneis askedyou mustprovidean equationOneside of
theequationwon’t do.A commonmistakewould be,following examplel p.928,to write the
“equation’as

4Xx + 2y - 3
whichis notthesameas
z(orL(x,y)) =4x+2y-2.
“4x + 2y — 3’ by itself is notanequationput anexpression.

Beforederivingequationl on p.928 thetext refersto the generalkequationof a planepassing
through(xo, Yy %) @andperpendiculato [A, B, CLI

AX=X%)+Bly-Y) +C(z-27)=0 (0)
Thisformis moregenerathan
Z=2z,=a(X=X%y) + by = y,) ()

sinceit allowsC to bezero(verticalplane) While (1) workswhenthesurfacearisesasthegraph
of afunctionz = z(x, y), thesymmetricdorm (0) worksevenif thesurfaces notthegraphof a
function(think of thesphere)We will comebackto thispointin §14.6.

Differentials.How to readequatior® p.932:
dy = f'(x) dx

Thissayshatif dxissomearbitraryincrementiwayfrom a (sodx = x — a), thenonthetangent
lineto thegraphof f at (a, f(a)),dy = f'(a) dx, wheredy = y — f(a) . Thisis indeedthecase,
sincetheequatiorof thetangentine is

y-f(a)=f'(a)(x-a).

In the languageof signal processingfor the electricalengineeringmajorsamongyou (or
staticsfor themechanicaéngineers)ly is theresponseo the stimulusdx, if f werereplaced
byits linearisationL . Theactualrespons@y = f (a + dx) — f (a) will in generabedifferent
fromdy, unles§ = L. Butfor smalldx Ay is very closeto dy. Seefig 6.

In thesamewaythen,if f(x,y)isafunctionof two variablesandL (X, y) its linearapproxima
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tion (alsocalledlinearisationpr tangenimap)at(a, b), thendz= L(a + dx,b + dy) — L(a, b) is
expresseth termsof theindependenincrementslx, dy by eq10p.932.Seefig 7 onthesame
page.dzwill beagoodapproximatiorto Az if dx, dyaresmall.

Useof d ando andconsistenhotation.Consideragaintheequation® and10p.932:
dz = f'(a) dx (9)
dz=f (a,b)dx+ fy(a, b) dy (20)
wherein (9), we call zthedependentariablefor betteranalogywith (10) (soin (9),z = f (X)).

(&) Intheone-variableasealongthetangentine, theratiodz/dxis constantequaltof’(a).
Alongthegraphof f, Az/Ax = Az/dx hasnoreasorto beconstantbutif f'(a) existsthen
thelimit of Az/dxasdx — 0isf’(a). Thisjustifiesthenotation

f'(a) = %((a).

(b) In thetwo-variablecase equation(10) holdsexactlyon the tangentplane,which is the
graphof L. In whatsensaloestheratiodz/dx or dzdy havealimit asdx (respdy) - 0?
Unfortunatelytheansweris beyondour scopeput notethatif wetry to divide eq(10) by
dx

dz _ dx dy
X f (a,b) ix + fy(a, b) dx

thesecondermontheright is ambiguousasbothdx, dy - 0.Thebestwe candoisto
keepdy = 0 asdx - 0O (orvice-versa)butthenthisrestrictionis reflectedn denotingthe

limit notby %Z((a, b), but:g—)z((a, b).

Scalarvs differentialrelations.Is f is a function (alsocalled scalarexpression)df is called
a differential expressionlf you think of “d” asan operation this operationobeysthe rules
of differentiation:

d(u+v) =du+dv.
d(uv) =vdu+udv.
d(u/v) = (vdu - udv)/\?.

Differentialsrepresenincrementsso that scalarsanddifferentialsaredistinct objects Don’t
mix thetwo:
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V = 1r2h/3

isascalamrelation,

dv = 200gr + T
3 3

is adifferentialrelation.
PV = 831T
isascalarelation,
VdP + PdV = 831dT
is adifferentialrelation.
VdP + PdV = 831T

is acrudemistakedifferential = scalar”.

Howeverbothscalaranddifferentialstake uponsubstitutionrealvaluesSoPV is a product,
say,of kilopascalsandcubicmetersandd(PV) is anincrementalsoexpresseth kilopascals
timescubicmeters.



