
Section14.5

1. Formulæ.Thechainruleallowstoexpresstherateof changeof afunctionuof severalvariables,
sayx1, …xn in termsof originalvariablest1, … tm if thex variablesareknownfunctionsof the
t variables.Weareassumingherethatall partialderivativesexist.As in thetext,weconsidera
specialcaseandageneralcase,butourspecialcaseisslightlydifferentfrom theonein thetext:
insteadof two intermediatevariables,assumetherearen.

Case1:oneinitial (independent)variablet, n intermediatevariablesx1, x2, . . . xn . Thenif u is
functionof x1, . . .xn, wehavetheequivalentof equation(2) p.938:

du
dt

= ∂u
∂x1

dx1
dt

+ . . . + ∂u
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(asmany termsas thereare intermediatevariables).Note the useof symbolsd and ∂: the
ratesof change∂u/ ∂xi arepartial derivatives,but the ratesof changedxi /dt anddu/dt are
total derivatives,sinceeachxi is a functionof t only, andvia the intermediatevariables,u is
consideredfunctionof t only.

Case2:thiscorrespondstothegeneralformula,equation(4)p.940:therearenowmindependent
variablest1, . . . tm . All ratesof changearepartialderivatives:
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Therearestill n terms,but therearenowmequations,onefor eachindependentvariableti .

2. Implicit differentiation.Formulæ6 and7 aresuperfluousto memorize;you will endup using
them“implicitly” by writing the equationof the curve(or surface)anddifferentiatingwith
respectto thedesiredindependentvariable.Theprincipleat playhereis thatonthecurve,one
variablebecomes(locally)a functionof theother.Or:a curvehasonedegreeof freedom.We
illustrateon thesameexamplesasin thetext:

(a) Example8.Findy′ = dy/dxon thecurve

3x + 3y = 6xy.

Notethatwithouttheproviso“on thecurve”,y′ wouldhavenomeaning,sincewithoutthis
constraint,x, y areindependentvariables.Differentiatetheequation(whichyoucanalso
write 3x + 3y − 6xy = 0) with respectto x . Thepowerruleandthechainrule tell usthat
d 3(y )/dx = 3y2dy/dx . Weobtain:

23x + 23y y′ − 6y − 6xy′ = 0

or:
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2(3y − 6x)y′ = 6y − 23x

andthelaststepis to dividebothsidesby thefactormultiplying y′ . As yousee,I did not
needto memorizetheformula.

(b) Example9 is solvedsimilarly.Let usillustratehowto find ∂z/∂y on thesurface

3x + 3y + 3z + 6xyz= 1 .

Theprincipleat play is thaton thesurface, z becomes“locally” a functionof x, y, which
itself means:

givena point x0, y0, z0 on thesurface,if x, y areallowedto varynearx0, y0, and
if z is constrainedto staynearz0, thento each(x, y) therecorrespondsonly one
valueof z.

Soa surfacehastwo degreesof freedom. Theconstraint“z nearz0” is important,asthe
surfacemayfail theverticalline test.Think of thesphere.

Now differentiatebothsidesof theequationwith respectto y, andusethefact thatx does
notdependony, butzdependsonbothx andy:

0 + 23y + 23z zy + 6xz+ 6xyzy = 0

thengroupingterms:

2(3z + 6xy)zy + 23y + 6xz = 0

andhereagain,the last stepis simplealgebra,andI did not haveto memorizeformu-
la (7).

3. Thefollowing examplewill illustratea little furthertheprocessof implicit differentiation.

A point is movingon thecurveof intersectionof thesurface

2x + xy + 2y − 2z = 0 (1)

andtheplane

x − y + 2 = 0 (2) .

Whenx is 3andis increasing2 unitspersecond,andz isnegative,find (a)therateatwhichy is
changing,(b) therateatwhichz is changingand(c) thespeedwith which thepoint is moving.

(a) Let t betime,in seconds.Denotingdy/dt byy′, anddifferentiating(2)with respectto time,
wehave

y′ = x′ = 2 unitspersecond.
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(b) Firstwefind they,zcoordinatesof thepoint.Equation(2) tellsusthaty = 5, anduponsub-
stitutionin eq(1), 2z = 23 + 3(5) + 25 = 49 . Sincez is negative,z = −7 . Now differentiate
equation(1) with respectto time:

2xx′ + x′y + xy′ + 2yy′ − 2zz′ = 0

andreplacingx, x′, y, y′, zby theirvalues:

2(3)2 + 2(5) + 3(2) + 2(5)(2) − 2( − 7)z′ = 0 .

Solvingfor z′ givesz′ = −24/7 unitspersecond.

(c) Speedis themodulus(length)of velocity:

s = |〈x′, y′, z′〉| = √ 2x′ + 2y′ + 2z′

andat thatmoment,s = √4 + 4 + ( − 24/ 27) ∼− 4.44 unitspersecond.


