Section14.5

FormulaeThechainruleallowsto expressherateof changeof afunctionu of severalariables,
sayx,, ...X, in termsof originalvariableg,, ...t  if thex variablesareknownfunctionsof the
t variablesWe areassumindherethatall partialderivativesexist.As in thetext,we considera
speciakaseandageneratasebutourspeciakasds slightly differentfrom theonein thetext:
insteadof two intermediatevariablesassumeherearen.

Casel: oneinitial (independentyariablet, n intermediatezariablesx, x,, . .. X, . Thenif uis
functionof x,, . .. x, we havetheequivalenof equation(2) p.938:

du_oudx — oudx
dt ox, dt " 0x, dt

(asmanytermsasthereare intermediatevariables) Note the use of symbolsd ando: the
ratesof changedu/odx; are partial derivatives but the ratesof changedx /dt anddu/dt are
total derivatives sinceeachx; is a function of t only, andvia the intermediatevariablesu is
consideredunctionof t only.

Case2:thiscorrespond®thegeneraformula,equation(4) p.940therearenowm independent
variabled , ...t . All ratesof changearepartialderivatives:

ou_oudx  9u 0%

ot ax ot T ax, ot
Therearestill nterms buttherearenow m equationspnefor eachindependentariablet, .

Implicit differentiation.Formulae6 and7 aresuperfluouso memorizeyou will endup using
them “implicitly” by writing the equationof the curve (or surface)and differentiatingwith
respecto thedesiredndependentariable The principleat play hereis thatonthecurve,one
variablebecomeglocally) a functionof theother.Or: a curvehasonedegreeof freedom We
illustrateon the sameexamplessin thetext:

(&) Example8.Findy' = dy/dxonthecurve
x3 +y3 = 6xy.

Notethatwithouttheproviso“on thecurve”,y wouldhavenomeaningsincewithoutthis
constrainty, y areindependenvariablesDifferentiatethe equation(which you canalso
write X2 + y* — 6xy = 0) with respecto x . The powerrule andthe chainrule tell usthat
d(y®)/dx = 3y?dy/dx. We obtain:

32+ 3y -6y —6Xy =0

or:



(b)
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(3y? - BX)y' = By — 3

andthelaststepis to divide bothsidesby thefactormultiplyingy’ . Asyousee| did not
needto memorizeheformula.

Example9is solvedsimilarly. Let usillustratehowto find dz/dy onthesurface
X +y3+ 2+ 6xyz= 1.

Theprincipleatplayis thatonthesurface z becomeslocally” afunctionof X, y, which
itself means:

givenapointx,, y,, z, onthesurfacejf x, y areallowedto varynearx, y,, and
if zis constrainedo staynearz, thento each(x, y) therecorrespondsnly one
valueof z.

Soa surfacehastwo degreeof freedom. The constraint'z nearz,” is important,asthe
surfacemayfail theverticalline test.Think of thesphere.

Now differentiatebothsidesof theequatiorwith respectoy, andusethefactthatx does
notdepencdny, butzdepend®nbothx andy:

0+3y2+3222y+6xz+6xyzy:0
thengroupingterms:
(32 + 6xy)z, + 3y +6x2=0

andhereagain,the last stepis simplealgebraand| did not haveto memorizeformu
la (7).

Thefollowing examplewill illustratea little furthertheproces®f implicit differentiation.
A pointis movingonthecurveof intersectiorof thesurface

X+xy+yY-2=0 )

andtheplane

X-y+2=0 (2).

Whenx is 3andis increasin@ unitspersecondandzis negativefind (a)therateatwhichy is
changing(b) therateatwhich zis changingand(c) thespeedvith which the pointis moving.

(@)

Lett betime,in secondsDenotingdy/dt byy', anddifferentiating(2) with respectotime,
we have

y' = X' = 2 unitspersecond.
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(b) Firstwefind they,z coordinatesf thepoint.Equation(2) tellsusthaty = 5, anduponsub
stitutionin eq(1), 2> = 3 + 3(5) + 5% = 49. Sincezis negativez = —7. Now differentiate
equation(1) with respecto time:

2XX + X'y + Xy +2yy —222 =0
andreplacingx, X', y,y', zby theirvalues:
2(3)2+2(5)+3(2) +2(5)(2) - 2(-7)Z =0.
Solvingfor z' givesz' = —24/7 unitspersecond.

(c) Speedsthemodulus(length)of velocity:

s = ||}:'yrlzr|:]]: _\/X12+y12+Z:2

andatthatmoment,s = /4 + 4 + ( — 24/7)? U 444 unitspersecond.



