Section14.6

This sectionis not asheavyin termsof newideasasthe previousones.The conceptof directional
derivativegeneralizeshatof partialderivative wherethedirectioncannow be otherthanalongthe
directionsof theaxes.

1. Directionalderivative Seedefinition2 p.979:therateof changeof thefunctionf atthepoint
(X9 o) in thedirectionof theunit vector(@, b(is alsothederivativeath = 0 of

g(h) = f((xy, ¥p) + h&, bD.

Thisis simply the definition of derivative;seeNoteson 814.2andthe commenton “hidden
derivative”.This canbethoughtof asrateof changealonga straightpath.Replacinghe unit
vectorby (1, 0Cor [0, 1[recoverghe partialderivativesof §14.3.

2. Gradient.Sincethereare infinitely manydirectionsin the plane,we expectthe directional
derivativeto dependon many different things. The formula 9 on p. 950 brings somereas
surance:

D, f(x,y) = Of(x,y) (U

tellsusthattheeffectcanbesplitin two partsthedirectionvectoru (if we write u = [¢0s6,
sinBJthisis aone-parametdamily, theparametebeingtheangled ), andthegradientvector
af . But thegradientvectoritself depend®n only two things,namelythe partialderivatives
of f at (x, y) . Soin total, the directionalderivativehas3 degreesof freedom(meaning
independenparametersp from thepartialderivativesandonefrom thedirectionin whichthe
pointvaries.

Thiscanbeextendedo functionsof morethan2 variablesseeformulal4p.951.

3. Gradientvectorandtangentplane.The gradientvectorallowsusto write the equationof the
tangenplaneof asurfacewhichis notnecessarilagraph(i.e.,fails theverticalline testithink
of thesphere)Theformulal9p.954is symmetrian all thevariableswhereagsormula2 p.928
distinguisheshedependentariablez from theindependentariablesx, y . Notealsothatwhat
playstherole of thefunctionin thetwo casess notthesamein thecaseof thegraph,

z=f(xy) (D

isarepresentatiowheref is afunctionof two variablesIn thecaseof thearbitrarysurfacgp.
954),F suchthattheequatiorof thesurfacas

Fxy,9=k (2

is a function of 3 variables.Equation(1) is saidto be explicit, equation(2) is an implicit
representationf thesurfaceNotethatwhile form (2) cannotbereducedo form (1) (think of
thesphere)form (1) is alwaysa particularcaseof form (2):
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z=f(x,y) = z-f(X,y)=0

andthisis of theform F(X, y, z) = OwhereF(x,y, z) = z - f (X, y) . Anotherway to statethis:
anysurfacewhichis thegraphof afunctionof two variablesijs alsothelevel setof afunction
of threevariables.

Normalline. Thenormalline ata pointof thesurfacepeingperpendiculato thetangenplane,
isin thesamedirectionasthegradientThetextshowshowto obtainthecartesiarequation®f

theline, alsocalledthesymmetricequationgtherearetwo: curvesn R® have2 equations)But

for mostpurposegheparametriequatiorof theline is moreusefulif thesurfacenasimplicit

equationF (X, y, z) = ¢, thenatthepointP = (X, Y,, %), the vectorequationof the normal
lineis:

(%Y, 2) = (%0 Yor %) *+ tHF (%5, Y %)

where(X,y, ) isthepointontheline correspondingp theparametet. lllustrateontheexample
8p.955,whereP = (-2,1, -3)and0F(-2,1, -3) = 11,2, —=2/3[]

(X,¥,2) =(-2,1,-3) +t [+1,2, -2/30
Notethatthesymmetricequations

x+2:y—1:z+3
-1 2 -2/3

amountto eliminatingt in the parametricequationsthe threeequalquantitiesareall equalto
t.

Let usillustratetheusefulnessf theparametridorm of thenormalline ontwo exercise$rom
this section.In oneexercisewe mustfind wherethe normalline intersectsa surfaceln the
other,we mustcheckthata certainpoint belonggo thenormalline.

59. Wheredoesthenormalline to theparaboloidz = x? + y? atthepointP = (1, 1, 2) intersect
theparaboloida secondime?(Plotthefigure).

Stepl:find thegradientof F . The paraboloichasimplicit equation
Z-x2-y*=0 3).
ThenOF(X,y,2) = - 2x, — 2y, 10J
Step2:find theequationof thenormalat (1, 1, 2):
xX,y,2=(14,12) +t[+2,-2,100 4)

sincelF (1, 1, 2) isthevector(3+2,-2,10]

Step 3: in how many points doesthe normal intersectthe surface?Each such point
correspondso a valueof t suchthat(1 - 2t, 1 — 2t, 2 + t) (obtainedirom equation(4))
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belongdo thesurfacepr, usingequation(3):
2+t-(1-2tP-(1-2tY=0

andthisis aquadraticequationn t. Uponsimplification:

8t2-9t=0

which hastwo roots.Oneist = 0 which givesthepoint P, andtheotherist = 9/8. Plug
in thisvaluein (3) to getthecoordinate®f the otherpoint of intersection.

As anexercisesolvepb 60 onthesamepage.

58. Showthateverynormalline to thesphere
X+ + 22 =r? (5)

passeshroughthecenterof thesphere.

The centreof the spherds the origin. How manyvariablesdo we needin the solution?
Eachpoint has3 coordinatesWe will needto describean arbitrarypoint on the sphere
whereto takethenormal,andanarbitrarypoint onthenormalitself, to write theequation
of thenormal.Let uscall the pointonthesphereP = (X, ¥, Z,), and(x, y, z) will bean

arbitrarypointonthenormalline. Now we canproceed:

Stepl:find thegradientat the point P: hereF (x, y, z) = X2 + y? + Z, and

DF(XO, Yor zO) = [2X,, 2, 2z,

Step2: sotheparametriequation®f thenormalline atP are

X,y,2) = (xo, Yor zO) +t EZXO, 2y0, ZZOD

Step3:theline will containtheorigin if for somevalueof t, thereholds(x, y, z) = (0, O,
0) . Sowe getthesystemof 3 equationsn thesinglevariablet:

X+ 2t% = 0, Y+ 2ty, = 0, 7, + 217, = 0.

Checkthatt = - 1/2 solvesthe systemSoindeed,all normallinesto the spherepass
throughthe center.As an exercise solve the sameproblem,but using the symmetric
equationsnsteadYou will seethatthewaywe showeds easier.

5. Geometrimotation.Parenthesesreusedfor points,angularbracketd] Careusedfor vectors.
Pointsin R®have3coordinates/ectorshave3component&radienvectorsarevectorsAdding
avectorto a pointresultsn anothermpoint,asshownin the parametricepresentatior§o:
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point+ vector= point
whichalsomeans:
point- point= vector.

Vectorscanbeaddedo vectorsto give vectors Pointscannotbeaddedo points.



