
Section14.6

Thissectionis not asheavyin termsof newideasasthepreviousones.Theconceptof directional
derivativegeneralizesthatof partialderivative,wherethedirectioncannowbeotherthanalongthe
directionsof theaxes.

1. Directionalderivative.Seedefinition2 p.979:therateof changeof thefunctionf at thepoint
(x0, y0) in thedirectionof theunit vector〈a, b〉 is alsothederivativeath = 0 of

g(h) = f ((x0, y0) + h〈a, b〉) .

This is simply thedefinitionof derivative;seeNoteson §14.2andthecommentson “hidden
derivative”.Thiscanbethoughtof asrateof changealonga straightpath.Replacingtheunit
vectorby 〈1, 0〉 or 〈0, 1〉 recoversthepartialderivativesof §14.3.

2. Gradient.Sincethereare infinitely manydirectionsin the plane,we expectthe directional
derivativeto dependon manydifferent things.The formula 9 on p. 950 bringssomereas-
surance:

Du f (x, y) = ∇f (x, y) ⋅ u

tellsusthattheeffectcanbesplit in two parts:thedirectionvectoru (if wewrite u = 〈cosθ,
sinθ〉, thisisaone-parameterfamily, theparameterbeingtheangleθ ), andthegradientvector
∇f . But thegradientvectoritself dependson only two things,namely,thepartialderivatives
of f at ( x , y ) . So in total, the directionalderivativehas3 degreesof freedom(meaning
independentparameters):2 from thepartialderivatives,andonefrom thedirectionin whichthe
point varies.

Thiscanbeextendedto functionsof morethan2 variables:seeformula14p.951.

3. Gradientvectorandtangentplane.Thegradientvectorallowsusto write theequationof the
tangentplaneof asurfacewhichisnotnecessarilyagraph(i.e.,fails theverticalline test:think
of thesphere).Theformula19p.954issymmetricin all thevariables,whereasformula2p.928
distinguishesthedependentvariablez from theindependentvariablesx, y . Notealsothatwhat
playstheroleof thefunctionin thetwo casesis not thesame:in thecaseof thegraph,

z = f (x, y) (1)

isarepresentationwheref isa functionof two variables.In thecaseof thearbitrarysurface(p.
954),F suchthattheequationof thesurfaceis

F(x, y, z) = k (2)

is a function of 3 variables.Equation(1) is said to be explicit, equation(2) is an implicit
representationof thesurface.Notethatwhile form (2) cannotbereducedto form (1) (think of
thesphere),form (1) is alwaysaparticularcaseof form (2):
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z = f (x, y) ⇔ z − f (x, y) = 0

andthis is of theform F(x, y, z) = 0 whereF(x, y, z) = z − f (x, y) . Anotherwayto statethis:
anysurfacewhich is thegraphof a functionof two variables,is alsothelevelsetof a function
of threevariables.

4. Normalline.Thenormallineatapointof thesurface,beingperpendicularto thetangentplane,
is in thesamedirectionasthegradient.Thetextshowshowto obtainthecartesianequationsof
theline,alsocalledthesymmetricequations(therearetwo:curvesin 3R have2 equations).But
for mostpurposes,theparametricequationof theline ismoreuseful:if thesurfacehasimplicit
equationF (x, y, z) = c, thenat thepoint P = (x0, y0, z0), thevectorequationof thenormal
line is:

(x, y, z) = (x0, y0, z0) + t∇F(x0, y0, z0)

where(x,y,z) is thepointonthelinecorrespondingto theparametert . Illustrateontheexample
8 p.955,whereP = (−2,1, −3) and∇F(−2,1, −3) = 〈−1,2, −2/3〉:

(x, y, z) = (−2,1, −3) + t 〈−1,2, −2/3〉

Notethatthesymmetricequations

x + 2
−1

=
y − 1

2
= z + 3

−2/3

amountto eliminatingt in theparametricequations:thethreeequalquantitiesareall equalto
t .

Let usillustratetheusefulnessof theparametricform of thenormalline ontwo exercisesfrom
this section.In oneexercise,we mustfind wherethe normalline intersectsa surface.In the
other,wemustcheckthatacertainpointbelongsto thenormalline.

59. Wheredoesthenormalline to theparaboloidz = 2x + 2y at thepointP = (1, 1, 2) intersect
theparaboloidasecondtime?(Plot thefigure).

Step1:find thegradientof F . Theparaboloidhasimplicit equation

z − 2x − 2y = 0 (3) .

Then∇F(x, y, z) = 〈 − 2x, − 2y, 1〉 .

Step2:find theequationof thenormalat (1, 1, 2):

(x, y, z) = (1, 1, 2) + t 〈−2,−2,1〉 (4)

since∇F(1, 1, 2) is thevector〈−2,−2,1〉 .

Step3: in how many points doesthe normal intersectthe surface?Each such point
correspondsto a valueof t suchthat(1 − 2t , 1 − 2t , 2 + t) (obtainedfrom equation(4))
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belongsto thesurface,or,usingequation(3):

2 + t − 2(1 − 2t) − 2(1 − 2t) = 0

andthisis aquadraticequationin t. Uponsimplification:

28t − 9t = 0

whichhastwo roots.Oneis t = 0 whichgivesthepoint P, andtheotheris t = 9/8 . Plug
in thisvaluein (3) to getthecoordinatesof theotherpointof intersection.

As anexercise,solvepb60on thesamepage.

58. Showthateverynormalline to thesphere

2x + 2y + 2z = 2r (5)

passesthroughthecenterof thesphere.

Thecentreof thesphereis theorigin. How manyvariablesdo we needin thesolution?
Eachpoint has3 coordinates.We will needto describeanarbitrarypoint on thesphere
whereto takethenormal,andanarbitrarypointonthenormalitself,to write theequation
of thenormal.Let uscall thepoint on thesphereP = (x0, y0, z0), and(x, y, z) will bean
arbitrarypointon thenormalline. Now wecanproceed:

Step1:find thegradientat thepointP: hereF(x, y, z) = 2x + 2y + 2z , and

∇F(x0, y0, z0) = 〈2x0, 2y0, 2z0〉

Step2:sotheparametricequationsof thenormalline atP are

(x, y, z) = (x0, y0, z0) + t 〈2x0, 2y0, 2z0〉 .

Step3: theline will containtheorigin if for somevalueof t, thereholds(x, y, z) = (0, 0,
0) . Sowegetthesystemof 3equationsin thesinglevariablet:

x0 + 2tx0 = 0, y0 + 2ty0 = 0, z0 + 2tz0 = 0 .

Checkthat t = − 1/2 solvesthe system.So indeed,all normallinesto thespherepass
throughthe center.As an exercise,solve the sameproblem,but using the symmetric
equationsinstead.You will seethatthewayweshowedis easier.

5. Geometricnotation.Parenthesesareusedfor points,angularbrackets〈, 〉 areusedfor vectors.
Pointsin 3R have3coordinates,vectorshave3components.Gradientvectorsarevectors.Adding
avectorto apoint resultsin anotherpoint,asshownin theparametricrepresentation.So:
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point+ vector= point

whichalsomeans:

point - point= vector.

Vectorscanbeaddedto vectors,to givevectors.Pointscannotbeaddedto points.


