
MATE 3063 problems

1. Usingthegraphicalmethodshown in class,find thefollowing setsfor thefunctionf (x) =
2x − 2:

i) f ((−1,3)) ii) −1f ([−4,1])

2. * Samequestions(i) and(ii), for thefunctionf (x) = log|x + 1|.

3. Draw contourmaps(familiesof levelsets)for thefollowingfunctions.Mark thelevelvalue
correspondingto eachcurve.

i) f (x, y) = xy ii) f (x, y) = 2x − 2y

iii) f (x, y) = √y − x iv) f (x, y) = x − 2y

4. Indicatefor eachof (i)–(iv)of thepreviousproblem,whethertherearevaluesof thelevel for
which thecorrrespondingsetis degenerate- thatis,doesnot look thesameasothercurves
of thesamefamily. Wesaw anexampleof thisin oneof theproblemsof quiz0.

5. Usingthemethodshown in class,find f (A),whereA is theunit squarecenteredattheorigin,
for eachof:

i) f (x, y) = x − y ii) f (x, y) = x + 2y

6. * Findtherangeof thefunctionf (x,y) = √ 29 − x − 2y . (Wefoundthedomainof f ; therange
is theimageof thedomain.Find thisimageusingthemethodshown in class).

7. * Find thedomainof thefunction f (x , y) = log x + log y andshadeit in thexy-plane.
Showing completestepsasin theexercisesabove,find therangeof thisfunction.Hint: log
x + log y = log xy.

8. * Weshowedin classthat,if B is theunit disccentredat theorigin, then[−√2, √2] ⊂ f (B
), wheref (x, y) = x + y. Thegoalof thisproblemis to show thereverseinclusion.Theunit
discis parametrisedby:

(x, y) = (rcosθ, rsinθ), 0 ≤ r ≤ 1, −∞ < θ < ∞ (1).

(Taking0 ≤ θ < 2π is anotherparametrisation,which is one-to-one,but doesnot simplify
thesteps).

Usingtheparametrisation(1),show thatx + y takesvaluesonly in theinterval [− √2, √2].
Hint: sincex + y = r(cosθ + sin θ), themaximumandminimumof x + y happenwhenr
= 1. Soall youhaveto dois to studythevariationof thefunctioncosθ + sinθ, −∞ < θ <
∞.

Furtherhint (addedMarch20):findingextremaof functionsof onevariableis a skill you
learntin Calculusn, n < 3. For thefunctiong(θ) = sin θ + cosθ, you have alsolearntin
Precalculusthatg(θ) canbeput in theform Asin(θ − φ), whereyoucandetermineA andφ.
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Usethismethodif youprefer.

9. Sketchthegraphsof thefunctions

i) f (x, y) = √ 2x + 2y ii) f (x, y) = 1
√ 2x + 2y

In general,if g is a functionof onevariable,how is thegraphof f (x , y) = g(√ 2x + 2y )
obtainedfrom thegraphof g?

10. Find theradiusof asquarecenteredat (0.5, 2) suchthatits imageunderthegivenfunction
is containedin thegiveninterval:

a)Functionf (x, y) = 2x, interval [0.7, 1.3]
b) Functionf (x, y) = 2y − x, interval [3.4, 3.6].

11. * Find the radiusof a squarecenteredat (0 .8, π/2) suchthat its imageunderthe given
functionis containedin thegiveninterval:

a)Functionf (x, y) = siny, interval [0.7, 1.3]
b) Functiong(x, y) = cos(2y) + x, interval [−0.22,−0.18].

12. Find thelimit if it exists,or show thatit doesnotexist:

i) lim
(x,y)→(0,0)

xy

√ 2x + 2y
ii) lim

(x,y)→(0,0)

2x 2sin y
2x + 2 2y

13. Find thelimit if it exists,or show thatit doesnotexist:

i) lim
(x,y)→(0,0)

2x
2x + 2y

ii) lim
(x,y)→(0,0)

2x + 2y

√ 2x + 2y + 1 − 1
.

14. Weshowedin classa graphicalillustrationof thedefinitionof continuityof a functionof
onevariable.Usethisto illustrate:

a)Continuityof a functionof yourchoiceat x = 0
b) Lackof continuityof thefunctiony = sin(1/x) at x = 0. Usecolours.

15. Find thefirst partialderivatives:

i) z = log(x + √ 2x + 2y ) ii) u = x − te sin(y) iii) u = y/zx

16. Find thefirst partialderivatives:

i) f (t, x) = sin(t/x)e ii) f (x, y) = ∫
y

x
cos( 2t ) dt

iii) u = sin(x1 + 2x2 + … + nxn) iv) z = √ 2x1 + 2x2 + … + 2xn

In (iii) and(iv), therearen variablesnamedx1, x2, …xn.
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17. * Usethedefinitionof partialderivative aslimit of differencequotientto find thepartial
derivativeswith respectto x andy of f (x, y) = √2x − y.

18. Useimplicit diferentiationto find xz andxy:

i) xyz = cos(x + y + z) ii) x 2y 3z + 3x 2y z = x + y + z.

In eachcase,whatarethepointson thesurfacewhereit fails thex-axistest?(Thesurface
passesthex-axistestat x0, y0, z0 if, for a squareof smallenoughradiuscenteredat (y0, z0)
in theyz-plane,andany (y1, z1) belongingto thatsquare,theline y = y1, z = z1 intersectsthe
surfaceat a singlepoint.Thesurfacex = 2y − z passeseverywherethex-axistest,andso
doesthesurfacegivenby any equationof thetypex = f (y, z).)

19. Find zx andzy:

i) z = f (xy) ii) z = f (y/x)

20. Find thesecondpartialderivatives:

i) f (x, y) = log(x − 2y) ii) u = − se cos(t)

21. (Corrected).If f , g are twice differentiablefunctionsof a singlevariable,and c some
constant,show thatthefunctionu(t, x) = f (x − ct) + f (x + ct) solvesthe“waveequation”

utt − 2c uxx = 0

22. Youaretold thata function f hascontinuoussecond-orderpartialderivatives,andthat fx(
x, y) = x + 4y, fy(x, y) = 3x + 2y . Shouldyoubelieveit?

23. * If f (x, y) = 2x(x + 2y −3/2) 2exp(sin(x y)), find fx(1, 0). Hint: at thegivenpoint,it is easierto
usedirectly thedefinitionof thepartialderivative,asderivative of a certainfunctionof a
singlevariable.

24. Find thelinearisationL(x, y) of thefunctionat thegivenpoint:

i) x√2y , at (1, 2) ii) sin(2x + 3y) at (−3,2).

25. * Usinglinearapproximation(linearisation),estimate

i) √4 − 21.1 − 2 2(0.92) ii) 2exp(x − 2y ), where(x, y) = (−1.02,1.01).

26. The radiusof a right circular coneis increasingat a rateof 1.8 in/s while its height is
decreasingataarateof 2.5in/s.At whatrateis thevolumeof theconechanging,whenthe
radiusis 120in. andtheheightis 140in.?

27. Exercise39 of § 14.5of Stewart.(You mustrefer to suchexercisesfrom thetext by their
numberin thislist, not in thebook.Thisis number27,not39).

28. Exercise45of §14.5of Stewart.
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29. * a)–b):exercises47,48of §14.5of Stewart.

30. Find themaximumrateof changeat thegivenpoint,andthedirectionwhereit occurs

i) cos(xy) at (0, 1) ii) 2log(x + 2y + 2z ) at (1, 2, −1)

31. * Youaretold thatthefunction

f (x, y) = 1
2x + 2y

hasa rateof changeexceedingfour, in a certaindirection,andat a point outsidetheunit
disc.Shouldyoubelieveit? Theunit discis givenby theinequality 2x + 2y ≤ 1.

32. * a)–b):exercises36,38of §14.6of thetext. Usecolours.

33. Find equationsof the tangentplaneandthenormalline to thegivensurfaceat thegiven
point.For thenormalline,useparametricform.

i) z + 1 = x ye cos(z), (1, 0, 0) ii) x yze = 1, (1, 0, 5)

34. * Show thateveryplanethatis tangentto thecone 2y + 2z = 2x passesthroughtheorigin.

35. Exercise63of §14.6of thetext.

36. Exercise6 of §15.1of thetext.

37. * Exercise8 of §15.1of thetext.

38. * Exercise10of §15.1of thetext.

39. a)–b):exercises13,14of § 15.1of thetext. For (b), alsofind thevolume,by analogywith
theexampledonein class.

40. * Let R bethequadranglewith verticesA = (0, 1), B = (1, 0), C = (2, 0.7), D = (1, 1) (draw
it). If f (x, y) = −1 on thetriangle ABD and f (x, y) = 2 on thetriangle BCD , compute

∫∫
R

f (x, y) dA.

41. * Let R bethesquareof vertices(0, 1), (1, 0), (2, 1), (1, 2). Show that

0 ≤ ∫∫
R

sin(√x + √y) dA ≤ 2.

Hint: cansin(√x + √y) takenegativevaluesoverR?

42. * Let H bethehalf-discintersectionof theregion y ≥ 0 andthedisccenteredat (0, 0) of
radius0.7.Show that

−π 2(0.7)
2√2

≤ ∫∫
H

sin(x + √y) dA ≤ π 2(0.7)
2

.
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43. a)–c):exercises7,10,13of §15.2.

44. a)–b):exercises19,22of §15.2.

45. * Exercise27of §15.2.First,youmust:

a)Draw theintersectionof theparaboloidwith eachof thefour lateralplanes:four plots,
eachin adifferentplane.

b) Using the algebraof inequalities,show why the parabolicsurfacestaysabove the xy
planeover therectangleR.

46. Exercise28of §15.2.Sameplanasfor thepreviousexercise.

In all theproblemsof §15.3,sketchtheregionof integrationwhenpossible.

47. a)–b):exercises2,5of §15.3.

48. a)–c):exercises8,9,13of §15.3.

49. a)–b):exercises23,28of §15.3.

50. Exercise32 of § 15.3.Plot (shade)theprojectionof thesolid in questionon eachof the
coördinateplanes,andshow, usinginequalities,thaton theonesideof thecylinder, oneof
thetwo givenplanessitsabovetheother, makingthesubtractionmeaningful.

51. a)–b):exercises39,40of §15.3.

52. a)–b):exercises46,50of §15.3.

53. * a)–b):exercises53,54of §15.3.“Property11” is aparticularcase(andthemainonewe
haveused)of monotonicity.Seeproblems40,41,42.

54. a)–b):exercises11,12of §15.4.

55. Exercise18,§15.4.

56. Exercise22,§15.4.

57. Exercise33,§15.4.

58.

a)Find thesurfaceareaof theplane2x + 5y + z = 10 thatliesinsidethecylinder 2x + 2y =
9.

b) Find thesurfaceareaof thehelicoidwith parametricequations

(x, y, z) = (ucosv, usinv, v), 0 ≤ u ≤ 1, 0 ≤ v ≤ π.

59. (F11)Oneparametricrepresentationof theelliptic regionR in thexy-planegivenby 2x +
2 2y ≤ 9 is in theform

x = ar cosθ, y = br sinθ.
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Find anexplicit suchparametrisation(i.e.,find a , b), draw bothR andthecorresponding
region in thepolarplane,andusetheparametrisationto find thesurfaceareaof R.

60. a)–b):exercises4,6 §15.6.

61. Exercise13§15.6.Shadetheprojectionof thesolidoneachof thecoördinateplanes.

62. Exercise18§15.6.Shadetheprojectionof thesolidoneachof thecoördinateplanes.

63. Exercise19§15.6.Plot thetetrahedron.

64. a)–b):exercises27,28§15.6.

65. Exercise33,§15.6.

66. Exercise34,§15.6.

67. a)–b):exercises6,14§16.7.

68. a)–b):exercises8,10§16.7.

69. a)–c);exercises20,26,27§16.7.

70. Exercise3,10§16.9.

71. a)–c):exercises13,14§16.9.


