
Somecommoncorrections

1. Thefollowing symbolshavedifferentmeanings:

(a) The symbol “ = ” meansequals, and nothing else.It connectsexpressions,sets,
quantities,or anyobjectsof thesamenature,butnotstatements.It isnotanall-purpose
connector,nordoesit openaparagraph.

(b) Thesymbol“ ⇒ ” meansimplies. It connectssentencesor logicalstatements;it does
notconnectvaluesor expressions.For instance:

2sin x + 2cosx = 1 ⇒ 2 2cosx + 3 2sin x = 2 + 2sin x

is correct,anequalitybeingaparticularkind of statement.

2sin x + 2cosx ⇒ 1

doesnotmakesense:“ 2sin x + 2cosx” and“1” arenotstatements.

(c) Thesymbol“ → ” meanstendsto, asin “haslimit”. It cannotbesubstitutedeitherto
“ ⇒ ” or “ = ”.

2. Never write 0/0, a/0, 1/∞, a/∞, ∞/∞, 0 × ∞, ln(0), 00 or any other variant of
thisstyle.

3. Much confusionmarstheuseof thelim symbol.Oneway to misuseit is to equatea limit
(which is afixedvalue)with a function,asin

lim
(x,y)→(0,0)

2x y
2x + y 2x

=
y

1 + y

(nonsense:fixed value= functionof y). Othertimesit is usedwith thewrongclause,such
aslim(x,0), lim(0,y), or lim(x,y)→(x,0) (thereis nosuchnotation).

To keeponevariablefixed,or, moregenerally,to replacea two-variablelimit by a single-
variablelimit, I haveshownhowto do it usingparametrisation(for instance,y = 0, x = t;
moregenerally,x = x(t), y = y(t)). Onecansolveanyproblemaboutlimits without using
the lim symbol.Follow thestyleshownin class;in particular,insteadof stating“limit of
functionequals…” state:“this functiontendsto thisvalueas(x, y) tendsto thispoint”. If
theuseof mathematicalsymbolsenchantsyou,use → to indicate“tendsto”.

4. Distinguishbetweenthe expressionof a function andits valueat a particularpoint. If I
foundthatg(x) = 1 + x andI needits valueatx = 1 , I don’t write

g(x) = 1 + x = 2

since“g(x) = 1 + x” is anidentity(truefor all x) but “1 + x = 2” certainlyis not,but I write
two separatestatements:

g(x) = 1 + x
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g(1) = 2 .

This is onemorereasonto nameall functions,evenif the dataof the problemdoesnot
namethem.If no namewasassigned,it is still possibleto distinguishthe functionanda
particularvalue:

(1 + x)|x= 1 = 2 .

Thereareof coursecaseswhenit is appropriateto write “1 + x = 2”: for example,aspart
of thesentence“Solve for x theequation1 + x = 2”. But this is practicallytheonly ex-
ception.

5. Existenceof limit. Wegaveanexample(ex2)of a functionwhichhasthesamelimit along
anyline goingthroughtheorigin (thereareinfinitely many),yethasnolimit as (x, y) →
(0,0).Themoralis:findingthesamelimit alongcertainpaths,or asmanypathsasyouwant,
doesnotmeanthelimit exists.Findinglimits alongpaths(useparametrisation)only serves
toshowthatthereisnolimit. Toshowthatthereisalimit, therearetwowaysweknow:direct
useof thedefinition(two-playergame),or squeezetheorem(theuseof polarcoordinates,
whenpossible,is equivalentto usingthesqueezetheorem).

6. If f (x, y) is differentiableat (a, b), it is continuousat (a, b): refer to the definitionof
differentiable,andcheckthatas∆x, ∆y → 0, ∆f → 0 . Theconverse,unfortunately,is not
true:thefunction|x + y | iscontinuouseverywhere,but fails tobedifferentiableatanypoint
of theline x + y = 0 of theplane.
A sufficiencycriterionfor differentiabilityis statedin Theorem8 of §14.4.Makesureyou
cantell the differencebetween“sufficient” and“necessary”,we will needthis whenwe
studylocalextrema.

7. Squareandsquareroot,aretheytiedatbirth?Theequations

x = 2y (1)

y = √x (2)

arenot equivalent.(2) implies(1),but (1) doesnot imply (2).Solutionsof (2) aresolutions
of (1),butsolutionsof (1)arenotnecessarilysolutionsof (2).(2)doesnot let y benegative,
but in (1),y is asfreeto benegativeaswearefreeto breathe.

Or, think of it geometrically:in the xy-plane,(1) describesa parabola,but (2) describes
half aparabola(plot them).Theyarenot thesamecurve.In space,(1)describesaparabolic
cylinder,symmetricaboutthexzplane,but (2) describeshalf of thatsurface,without the
symmetry.Whenyou encountercurvesor surfaceswith equationinvolving squares,leave
themasgivenanddon’t spoil themby takingsquareroot.

Incidentally,do not usethefakeidentity “√ 2y = y ”. Thecorrectidentity (which you will
seldomneed)is √ 2y = | y | .

8. Square,squareroot,inequalities.Theinequalities

a ≤ b (1)
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2a ≤ 2b (2)

arenotequivalentin general.Thedifferentcasesdependonthesignsof a, b . Soif, say0 ≤
a ≤ b, then(1) and(2) areequivalent.If a ≤ b ≤ 0, then 2a ≥ 2b . If a ≤ 0 ≤ b, then 2a and
2b canbein eitherorder.To check,plot y = 2x , wherea, b arevaluesof x .

The regionwheref (x, y) ≤ 0, wheref is somecontinuousfunction,will in generalbe
determinedby thecurveof equationf (x, y) = 0 . It will beon“oneside”of thecurve,with
thecaveatthat for somedegeneratecurves,“one side” maybemorethanoneconnected
region.Thesidein questionis foundby testingthesignof f (x, y) at somepoints(in the
favourablecase,only onepoint)noton thecurvef (x, y) = 0 . Someexamples:

(i) x − 2y + 1 = 0 is a parabola.x − 2y + 1 ≥ 0 is theinsideof thatparabola,x − 2y + 1 ≤
0, theoutside.

(ii) h(x, y) = 2x − 22y + 4 . h(x, y) = 0 is a hyperbolawith two branches.Testingat (0, 0):
h(x, y) ≥ 0 is theconnectedregionbetweenthebranchesandcontainingthex-axis,h
(x, y) ≤ 0 is theregionwith two separateparts,aboveandbeloweachbranch.

(iii) h(x, y) = 2x − 22y . h = 0 is a degeneratehyperbola,with branchesthelinesx − √2y
= 0, x + √2y = 0, intersectingat theorigin.Theregionh ≤ 0 consistsof a cone(two
quarterplanes)containingthey-axis.Describetheregionh ≥ 0 .

(iv) 2y = 1 isadegenerateconic,consistingof thetwo linesy = ± 1. 2y ≤ 1 is thestripinside
thetwo lines, 2y ≥ 1 theregionoutsidethestrip.Onnoaccountshouldyoureplace 2y
≤ 1 by “y ≤ ± 1”, which is meaningless(whichof + 1 or −1 is y smallerthan?).Note

alsothat“√ 2y ≤ √1” reads“ |y | ≤ 1”, which is noimprovementon 2y ≤ 1 .

Notethatin all theseexamples,theregionf (x, y) ≤ 0 hasthesamesymmetriesasthecurve
f (x, y) = 0 . As for thesquareroot function,youseethatis is bestto leaveit at thedoor.

9. Distinguishbetweentotalandpartialderivative.If f (x, y) dependson t via x(t), y(t), therate
of changeof f with respectto t is denoteddf /dt . Therateof changeof f wrt x is ∂f /∂x .


