1.

Somecommoncorrections

Thefollowing symbolshavedifferentmeanings:

(@) Thesymbol“ = " meansequals and nothing else.It connectsexpressionssets,
guantitiespr anyobjectsf thesamenatureputnot statementst is notanall-purpose
connectornor doesit opena paragraph.

(b) Thesymbol“ O " meansmplies It connectsentencesr logical statementst does
not connectvaluesor expressiond-or instance:

SiPx + co$x =1 0 2co$x + 3sir’x = 2 + sirfx
is correctanequalitybeinga particularkind of statement.
sirx + cogx 0 1

doesnot makesense®sirex + co€x” and“1” arenot statements.

(c) Thesymbol“ - " meangendsto, asin “haslimit”. It cannotbe substituteckitherto
1] D ” Or. 1] e ”.

Never write 0/0, a/0, 1/oo, a/oo, oofoo, 0 x oo, In(0), O®° or any other variant of

thisstyle.

Much confusionmarsthe useof thelim symbol.Oneway to misuseit is to equatea limit
(whichis afixed value)with a function,asin

im Y - Y
xY) - 00 X2 +yx2 1+y

(nonsensdixed value= functionof y). Othertimesit is usedwith thewrongclausesuch

asllm(xlo), |Im(0’y), or Ilm(X’y) - x0) (thereis no suchnotation).

To keeponevariablefixed, or, moregenerallyto replacea two-variablelimit by a single-
variablelimit, | haveshownhowto do it usingparametrisatioffor instancey = 0, X = t;
moregenerallyx = x(t), y = y(t)). Onecansolveanyproblemaboutlimits without using
thelim symbol.Follow the style shownin class;in particular,nsteadof stating“limit of
functionequals...” statethis functiontendsto thisvalueas(x, y) tendsto this point”. If
theuseof mathematicatymbolsenchantyou,use — toindicate“tendsto”.

Distinguishbetweenthe expressiorof a functionandits valueat a particularpoint. If |
foundthatg(x) = 1+ x andl needits valueatx = 1, | don’t write

g(x) = 1+x =2

since“g(x) = 1+ X" isanidentity (truefor all X) but“1+ x = 2" certainlyis not,but | write
two separatstatements:

g(x) = 1+x
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9(1) = 2.

This is onemorereasonto nameall functions,evenif the dataof the problemdoesnot
namethem.If no namewasassignedit is still possibleto distinguishthe functionanda
particularvalue:

(1+ X)lle =2.

Thereareof coursecasesvhenit is appropriateo write “1 + x = 2”: for exampleaspart
of the sentencéSolve for x theequationl + x = 2". But thisis practicallythe only ex-
ception.

Existenceof limit. We gaveanexamplgex2) of afunctionwhich hasthesamdimit along
anyline goingthroughtheorigin (thereareinfinitely many),yethasnolimit as (X,y) -
(0,0). Themoralis:findingthesamdimit alongcertainpathsor asmanypathsasyouwant,
doesnot meanthelimit exists Findinglimits alongpaths(useparametrisation)nly serves
toshowthatthereisnolimit. To showthatthereisalimit, therearetwo waysweknow:direct
useof thedefinition(two-playergame) or squeezeéheorem(theuseof polarcoordinates,
whenpossiblejs equivalento usingthesqueez¢heorem).

If f (X, y) is differentiableat (a, b), it is continuousat (a, b): referto the definition of
differentiableandcheckthatasAx, Ay — 0,Af - 0.Theconverseynfortunatelyjs not
true:thefunction|x +y | is continuougeverywherebutfailsto bedifferentiableatanypoint
of thelinex +y = 0 of theplane.

A sufficiencycriterionfor differentiabilityis statedn Theorem8 of §14.4.Make sureyou
cantell the differencebetween‘sufficient” and “necessary”we will needthis whenwe
studylocalextrema.

Squareandsquareoot,aretheytied atbirth?Theequations
x=y* (D
y=vx (2

arenotequivalent(2) implies(1), but (1) doesnotimply (2). Solutionsof (2) aresolutions
of (1), butsolutionsof (1) arenotnecessarilgolutionsof (2).(2) doesnotlety benegative,
butin (1),y is asfreeto benegativeaswe arefreeto breathe.

Or, think of it geometricallyin the xy-plane,(1) describesa parabolaput (2) describes
half aparabolgplot them).Theyarenotthesamecurve.ln space(1) describes parabolic
cylinder,symmetricaboutthe xz plane,but (2) describesalf of thatsurfacewithout the
symmetryWhenyou encountecurvesor surfacewith equationinvolving squaresleave
themasgivenanddon’t spoilthemby takingsquareoot.

Incidentally,do not usethe fake identity “JJy2 = y”. Thecorrectidentity (which you will
seldomneed)sy2 = | Y|.

Squaresquareaoot,inequalitiesTheinequalities

as<b D
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a2 < I? (2)

arenotequivalenin generalThedifferentcaseslependnthesignsof a, b. Soif, say0 <
a < b, then(1)and(2) areequivalentlf a < b < 0,thena? = b?.If a< 0 < b, thena? and
b? canbein eitherorder.To checkploty = x?, wherea, b arevaluesof x.

Theregionwheref (X, y) < 0, wheref is somecontinuougfunction,will in generalbe
determinedy thecurveof equatiorf (x,y) = 0. It will beon“oneside”of thecurve,with
the caveatthat for somedegenerateurves,one side” may be morethanone connected
region.Thesidein questionis found by testingthe signof f (x, y) at somepoints(in the
favourablecasepnly onepoint)notonthecurvef (x,y) = 0. Someexamples:

() x-y?+1=0isaparabolax - y? + 1> Oistheinsideof thatparabolax — y? + 1 <
0, theoutside.

(i) h(x,y) = x2 - 2y? + 4.h(x,y) = 0is ahyperbolawith two branchesTestingat (0, 0):
h(x,y) = 0istheconnectedegionbetweerthebranchesndcontainingthe x-axis,h
(X,y) < Oistheregionwith two separat@arts,aboveandbeloweachbranch.

(i) h(x,y) = >§ - 2y?.h = 0isadegeneratbyperbolawith brancheshelinesx - /2y
= 0, X ++/2y = O, intersectingat theorigin. Theregionh < 0 consistof acone(two
guarterplanesontainingthey-axis.Describetheregionh > 0.

(iv) y?= lisadegenerateonic,consistingpf thetwolinesy = + 1.y? < listhestripinside
thetwo lines,y? > 1theregionoutsidethestrip.On noaccounthouldyou replacey?
< 1lby*y < + 1”, whichismeaningleséwhichof + 1or —1isysmallerthan?)Note
alsothat"yy2 < /1" reads'|y| < 1', whichis noimprovemenbny? < 1.

Notethatin all theseexamplestheregionf (x,y) < 0 hasthesamesymmetriesasthecurve
f(x,y) = 0. Asfor thesquareootfunction,you seethatis is bestto leaveit atthedoor.

Distinguishbetweertotalandpartialderivative If f (x,y) depend®nt via x(t), y(t), therate
of changeof f with respectot is denotedif/dt. Therateof changeof f wrt x is of /0x.



