
Tips and common corrections

[1] Somecommentsaboutnotation.

(a) Thesymbol“ = ” meansequals, andnothingelse.Pointsareloston testsandquizzes
for usingit inappropriately.

(b) Thesymbol“ ⇒ ” meansimplies. It connectssentencesor logicalstatements;it does
notconnectvaluesor expressions.For instance:

2sin x + 2cosx = 1 ⇒ 2 2cosx + 3 2sin x = 2 + 2sin x .

Thesymbol“ → ” meanstends to, andwewill only useit to denotelimits.

(c) The symbol“ ∈ ” meansbelongs to. It relateselementsto sets.The symbol“ ⊂ ”
meansis included in. It allowsto comparebetweensets.Thetwo symbolsarenot in-
terchangeable.

(d) Useof parentheses.

To multiply x by −y, wewrite x(−y) . “x ⋅ −y” or “ x × −y” is incorrect,evenif you
reducethesizeof theminussign,raiseit andstick it verycloseto y .
Also, x − y and x + (−y) arecorrect.“ x + −y ” is not,evenif youreducethesizeof
theminussign,raiseit andstick it verycloseto y .

Thederivativesignhasprecedenceover theproduct.Therefore,d
dt

f (t)g(t) meansone

thing(namely, g(t) df (t) ⁄ dt ) and d
dt

( f (t)g(t) ) meansanother.

(e) Weneverusetheintegralsymbolwithout thedifferentialsymbol. ∫ f (x) is incorrect.

If youareintegratingwith respectto x, youmustwrite ∫ f (x) dx .

(f) The notations dz
dx

, ∂z
∂x

meandifferent things.The first is a total derivative (z is a

functionof x only, possiblythroughintermediatevariables),whereasthesecondis a
partialderivative.

[2] “√ 2x = x ” is wrong,sincex maybenegative.Thecorrectformulais √ 2x = | x | , which is
morecompletethan“√ 2x = ±x”. For thesamereason,2/3y = x isequivalentto 2y = 3x , (where
y maybenegative), but not to y = 3/2x , wherey is nevernegative.

[3] Ontherealline, thereis a totalorder( ≤ ) betweennumbers,which is compatiblein some
way with thealgebraicoperations,andwhich allows usto speakof negative andpositive
numbers.In particular, “√a” means:thepositivesolutionx of 2x = a. Thereisnosuchorder
definedon the complex numbers:we cannotwrite “z ≤ w” unlessboth z andw arereal
numbers.Therefore:

(a) An inequalitysuchas|z| < 2 (whichmakessense,since|z| is a realnumber),cannotbe
statedin any simplerway. In particular, “ − 2 < z < 2” is meaningless.
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(b) The“squareroot function”,which youfind in advancedtextson complex variable,is
notdefinedthewayyouwouldexpect,andnot in any form youcanusein thischapter.
Soyouarenotallowedtouseit; thismeans,for example,that 2z = w cannotbereplaced
by z = ±√w. Also, thesymbol√ −1 is a quaintholdover, andit is preferableto usei.
More generallyandfor thesamereason,do not usen√ on complex numbers,n being
any integer.

[4] The so-called“inversetrigonometricfunctions” ( −1cos , −1tan , etc…)— inaptly named,
sincethetrigonometricfunctions,beingperiodic,haveno inverse— areonly usefulwhen
usedin connectionwith acalculator.Do notusethemin thiscourse.If youwantto referto
ananglecorrespondingto thepoint (a,b) of theunit circle,andtheangleisnotany of those
youknow exactly, simplywrite:“let θ0 beananglesolvingcosθ = a, sinθ = b.” Notethat
θ0 is thenonly determinedupto rationalintegermultiplesof 2π.

[5] The following symbolshave intrinsic conventionalmeaningin Mathematics.This means
thatyoucanusethemanytimewithouthaving to providethedefinition:

(i) N = {0, 1, 2, …} is thesetof natural integers.

(ii) Z = {… , −2, − 1,0, 1, 2, …} is thesetof rational integers. These,unlike thenatural
integers,maybenegative.

(iii) R is thesetof realnumbers,alsocalled“the realline”. R ⊃ Z ⊃ N .

Small-caseletterslike m, n, andsoon,have no intrinsic meaning,andmustbedefinedin
context. Therefore:

“The solutionsof cosx = 0 arex = π/2 + nπ”

is incomplete,sinceyoudid notexplainwheren is chosen.But:

“The solutionsof cosx = 0 arex = π/2 + nπ, n ∈ Z”

or

“The solutionsof cosx = 0 arex = π/2 + nπ, n rationalinteger”

or

“The solutionsof cosx = 0 arex = nπ/2, n oddrationalinteger”

areall correct.Thefollowing notationis useful:

r = s (modq)

(r congruentto s moduloq) means:

for somek ∈ Z, r = s + kq.

Weillustratehow to useit below.
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[6] Theequation nz = w. Principle:

(a) Twocomplex numbersin cartesianform areequaljust in casetheirrealandimaginary
partsmatch:x + iy = u + iv meansx = u, y = v.

(b) Two complex numbersin polarform areequaljust in casetheir modulusis thesame,
andtheiranglesarecongruentmodulo 2π. So:

r iθe = ρ iφe means r = ρ, θ = φ (mod2π).

To solve nz = w, usepolarform,not cartesian(why?well, try usingcartesianform on the
following example,andseehow yousucceed).Weillustrateon:find thesolutionsz of

5z = 1.

First,express1 in polar form: 1 = 1 ⋅ i0e . (You canreplace0 by any angleequalto zero
modulo2π).
Thenexpresstheequationitself:

5r i5θe = 1 ⋅ i0e

which,by (b),means:

5r = 1, 5θ = 0 (mod2π)

which implies:

r = 1, θ = 0 (mod2π/5)

Theequationfor θ saysthat,modulo2π, theanglehasoneof thevalues:

0, 2π
5

, 4π
5

, 6π
5

, 8π
5

.

This correspondsto five points equally spacedover the unit circle. That thereare five
solutionsis assuredby thefundamentaltheoremof algebra,since 5z = 1 is anequationof
degreefive.

[7] Findingdiscof convergenceof acomplex powerseriesusingtheratiotest.
The test examineswhetherthe ratio of moduli of consecutive termshasa limit, and
comparesthislimit with one.Threethingsto keepin mind:

(a) Thesymbol| ⋅ | mustbeusedthroughout.

(b) Refrainfrom expandingwhenyouseeapower.

(c) Thelimit is only takenat thelaststep,if it exists.

Workedexample:find thediscof convergenceof
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∞
∑
p= 0

p + i
2p − i

(z + 1 − i
p)

Let wp bethegeneraltermof theseries.

| wp

wp−1 | = | p + i
2p − i | | 2(p − 1) − i

(p − 1) + i | |z + 1 − i |

= | p + i
(p − 1) + i | | 2(p − 1) − i

2p − i | |z + 1 − i |

As p → ∞, eachof thefirst two factorshaslimit 1. This canbeseenwithout expanding:
for instance,

| 2(p − 1) − i
2p − i | = | 2(1 − 1

p ) − i
2p

1 − i
2p

|.
Therefore| wp

wp−1 | haslimit |z + 1 − i |. Thedomainof convergenceis givenby

|z + 1 − i | < 1

andis thedisccenteredat i − 1 andradiusone.

[8] Whensolvingexactdifferentialequations,assumeyou foundthepotentialfunctionto be
F(x, y) = 2x − 2y. Thefamily of solutionsis thendescribed,notby

“F(x, y) = 2x − 2y + C”

(which impliesthatwearenotsurewhatF exactly is),but rather, by

2x − 2y = C,

whichdescribesa family of curvesin thexy plane.
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[9]

f (x) = g(x) and ∫f (x) dx = ∫g(x) dx

are not equivalent statements. For this reason, neither are

(1)
d (µ(x)y)

dx
= g(x) and (2) ∫

d(µ(x)y)
dx

dx = ∫g(x) dx .

(1) is what I call exact derivative form, not (2). When using the method of integrating
factors, you are required to show step (1). As for (2), which is the next step, it is better
to write

µ(x)y = ∫g(x) dx,

on the principle that, contrary to students’ belief, the fewer integral symbols used, the
better.


