
MATE 4009 Practice exercises

1. Complex numbers

a) Convert from polarto cartesian:

i) √2(cos(π/4) − isin(π/4)) ii) cosπ − i sinπ.

b) Convert from cartesianto polar:

i) 1 − i√3 ii) −√3 + i iii) −4i iv) −1 v) 2 − 2i vi)* −4√3 − 4i.

Show thatyoucannotsolve(vi) by makingθ = −1cos (−√3/2) or θ = −1sin (−1/2) (hint:
whataretherespectiverangesof thefunctionsarccos, arcsin?whatquadrantsdothey
cover?)Show thatmakingθ = −1tan (1/√3) isnotmuchbetter. Moral:donot try to use
theinversetrigonometricfunctions,includingarctan.Solvedirectlythesystemgiving
thevaluesof cosθ andsinθ.

2. Complex algebra

a) Expressin cartesianform:

i) 4i ii) 1
1 + i

iii) (i + √3 2) iv)
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1 + i
1 − i





.

b) Usingoneor bothof |z1z2| = |z1z2| and|z| = √ −zz, find themodulusof:

i) 2 + 3i
1 − i

ii) z
−z

iii) 3(1 + 2i) iv)
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1 + i
1 − i





.

3. Equations

Solvefor all possiblevaluesof therealnumbersx, y:

i) x + iy = y + ix ii) 3(x + iy) = −1 iii) |x + iy| = y − ix.

4. Plots

Describegeometricallythesesetsin thecomplex plane.Youmayusethefactthat |z − w|
is thedistancebetweenz andw in C.

i) |z − 1| = 1 ii) |z − 1| < 1 iii) z − −z = 4i iv) ℜ( 2z ) = 4 v) 2z = 2−z .

5. Complex-valuedseries

Testfor convergence:
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i) ∑
ni

n
ii) ∑





1
2n

+ i
n





iii) ∑(3 + 2i n)
n!

iv) ∑
n





1 + i
2 − i





.

6. Complex powerseries

Find thediscof convergence:

i) 1 −
2z

3!
+

4z
5!

− … ii)
∞
∑

n= 1
2n n(3iz) iii)

∞
∑

n= 0

2(n!) nz
(3n)!

iv)
∞
∑

n= 0

nn(n + 1)(z − 2i) .

7. Euler’sformula

a) Expressin cartesianform.Hint: whenuseful,convertfirst to polarform:

i) iπe + − iπe ii)
(i − √3 3)

1 − i
iii) 8(1 − i) iv)

40



1 − i

√2




.

b) Usingtheformula |wz| = |w| |z| whenappropriate,evaluate:

i) | √3− ie | ii) | 3 5ie ⋅ −2i7e | iii)
2|2 iπ/6e | iv) |1 + i

1 − i |.
c) Solvetheequationin eachcase,andshow afiguredisplayingthesolutions:

i) 4z = 1 − i ii) 3z = − i iii) 6z = 1.

8. Background

Exercises1,3,4,6,9,13,15,16,17of §1.1of [NSS](thereafterreferredto as“text”).

9. Directionfields

Exercises1,3,7,12,13,16pp. 22–24 of text. For exercise 16, answer the following
questions:

a) Is therea solutioncurveof dy/dx = x + 2y of theform x + 2y = C?For whichvalue
of C?

b) Canthesolutiony(x) passingthrough(x, y) = (4, −6) alsotake thevaluey = −1 for
somex ≥ 2?Explain.

10. Euler’smethod

Exercises1,2,4,7p. 28 of text. Use two-decimaldigit arithmetic,use stepsizeof 0.1,
andtake threestepsonly. Approximatef usinglinearisation.For exercise7, replacethe
right-handsideby 1 + tsin x, andusethesecond-orderapproximationof f comingfrom a
McLaurinseriesfor two variables:
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f (h, k) = f (0, 0) + h
∂f
∂t

(0, 0) + k
∂f
∂x

(0, 0) + 1
2

2∂ f

∂ 2t
(0, 0) 2h +

2∂ f
∂t∂x

(0, 0)hk + 1
2

2∂ f
∂ 2x

(0, 0) 2k .

Comparetheresultsobtainedwith thoseobtainedby useof calculator,wheref isevaluated
usingthegoodold keys.

11. Exactequations

Exercises1–8,10,16,17,21,24,28,29,32,33,34pp.65–67of text.

12. Linearequations

Exercises:seesyllabus.All exercisesfrom syllabusnumbered2–22,andat leastthreefrom
thosenumbered24–37.

13. Separableequations

Follow thestepsweoutlinedin class.Notethatthesummaryin theboxon p.41is incom-
plete,sinceit ismissingthefirst step(find specialsolutions).Now readexample2,thenthe
discussionon pp.44–45,thengobackto example2 andanswerthefollowing:what is the
restrictionon C1 in equation(6)?What is therestrictionon K in equation(7)? Now solve
exercises1–6,8,11,16,17,21,24,30,31,33pp.46–48of text.

14. Substitutions

Exercises10,12,15,17,20,45pp.79–80.Usethe“shifted growth model”substitutionto
solveexercise36p.48.As astepof thismethod,weassumeknown theformulagiving the
generalsolutionof thegrowth model.

15. Mixing problems,populationmodels

Exercises2,5,8,10,21,22,andtwo of 23–25pp.104–106.Whereapplicable,usetheshifted
growth substitutionmethodratherthanothermethods.

16. Heatingandcooling

Exercises2,6,7,9,12,16pp.113–114.Also,problem5 of exam1, Fall 08(see“old tests”).
In thisproblem,doesacertainsubstitutionapply?

17. Mass-springoscillator

All exercisesof syllabus(p.168).

a) In thederivationof themass-springoscillatorequation,assumethat theequilibrium
positionis y0 insteadof y = 0, andmodify equation(3) onp.164accordingly.

b) Considerthemass-springequation

y′′ + 6y + 9 = 0, y(0) = 1, y′(0) = 0.

Whatis thepositionof equilibrium?Find theamplitudeof theoscillations.

18. Homogeneouslinearequations
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Exercises1,11,12,15,17,18,23,26,27,29,32,35(choose two of a–d),40,46.For linear
dependence/independence,youmayonly usethedefinitiongivenin class,evenif thereare
only two functions.Youmayuseneitherthe“definition” onp.172,nor thelemma1on the
samepage.

19. Auxiliary equationswith complex roots

Chooseexercisesfrom thesyllabus.

20. Superpositionprinciple

Exercises2,3,7,19,21,23,26,29,38,40pp. 201–202.For 40: take a look at §4.4 to find a
particularsolution.Also,41,andoneof 42–44.For achallenge:48.


