
MATE 4009 Practice exercises

Complex numbers

1–7: 1,3,6,7,11,12,14section4 of Boas(Boasrefersto the handoutavailable at Mag-
ic Copy).

Complex algebra

8–18: 1,3,4,6,13,19,20,27,28,29,34section5 of Boas.For someof thelastproblems,the
formula |zw| = |z| |w| is moreconvenientto usethanequation(5.1).

Equationsandgraphs

19–25:38,39,43,44,45,47,50section5of Boas.

26–30:51,54,56,57,63section5of Boas.

31:solveanddescribegeometricallythesetz = |z|. Hint: whatarere (|z|) andim (|z|)?

Complex-valuedseries

32–36:6,7,9,11,12of section6 of Boas.

Complex powerseries

37–43:2,3,10,12,13,14,15section7 of Boas.

Additionalexercises

44:(corrected).Solve theequation 5z = √3 − i andplot theroots(solutions)on a certain
circle.

45:Solve in thecomplex planetheequation 4z + 2 3z − iz − 2i = 0. Show thesolutionson
a singleplot.Hint: oneroot of thisequationis z = − 2. Usethis fact,andthefundamental
theoremof algebra.

46:Outlinethemainstepsthat leadto theratio testfor convergenceof a complex-valued
series∑wn.

47:Considera power series∑cn
nz in thecomplex plane.If thedomainof convergenceof

thisseriesis a discwith finite radius,whatcanyou sayaboutthesetof valuesof z where
thisseriesconverges,but notabsolutely?Youmayusethestatementof theratiotest,andthe
following fact:“If theseries∑cn

nz convergesfor thevaluez0 , thenit convergesabsolutely
for any z suchthat |z| < |z0|.”

Background

48:Dragrace.Alison andKevin a participatingin a dragrace.Beginningfrom a standing
start,they eachdrive with constantacceleration.Alison coversthelastone-quarterof the
distancein 3seconds.Kevin coversthelastone-thirdof thedistancein 4seconds.Whowins
therace,andby how muchtime?

49:For eachof thesefamiliesof functionsof x, find (andjustify) whetherit isaone-param-
eteror a two-parameterfamily:
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i) Acosx + (B − A)sinx ii) 3x + A 2x + cosA 2x /2 +
Bx

iii) 3x + 2cosA 2x + 2sin A 2x
+ Bx

Directionfields

50:Plot thedirectionfield (isoclines,directionmarkers,usecolourspreferably)of dy/dx =
x + 2y. Finda straight-linesolution.Sketchseveralsolutioncurves.Canthesolutiony(x)

passingthrough(x, y) = (4, −6) alsotakethevaluey = −1 for somex ≥ 2? Explain.

51:Considerthedifferentialequation

dp
dt

= p(p − 1)(2 − p)

for thepopulationp (in thousands)of acertainspeciesat time t.

a) Sketchthedirectionfield (first,sketchasuitableauxiliarygraph).

b) If the initial populationis 4000(sop(0) = 4), what canyou sayaboutthe limiting
populationlim

t →∞
p(t)?

c) If p(0) = 1.7, whatis lim
t →∞

p(t)?

d) If p(0) = 0.8, whatis lim
t →∞

p(t)?

e) Canapopulationof 900ever increaseto 1200?

Euler’smethod

52–55:exercises1,2,4,7of text. Usetwo-decimaldigit arithmetic,usestepsizeof 0.1,and
takethreestepsonly. Approximatef usinglinearisation.

Exactequations

56–71:exercises1–8,9,16,17,21,24,28,29,32of text.

Linearequations

72–95:all exercisesfrom syllabusnumbered2–22,andat leastthreefrom thosenumbered
24–37.

Separableequations

Follow the stepswe outlined in class.Note that the summaryin the box on p. 39 is
incomplete,sinceit is missingthefirst step(find specialsolutions).

96–108:exercises1–6,8,11,16,17,24,31,33pp.43–44of text.

Substitutions

109–112:exercises17–20p.74.

113:usethe“shiftedgrowth model”substitutionto solveexercise36p.45.Asastepof this
method,weassumeknown theformulagiving thegeneralsolutionof thegrowth model.
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114:in theexamplediscussedin class(example2 in the text), we found that thegeneral
solutionin thex, z planeis givenby

2z = 1 + D 2xe , D ∈ R.

Draw in thex, z planeseveralsolutionscorrespondingto positiveandnegativevaluesof D,
markingtheinterceptwith thex axis,anddraw a similar plot in thex , y plane,indicating
whichsolutioncurve in oneplanecorrespondsto which in theother.

Mass-springoscillator

115–120:§4.1:4,3,5,6,8,9(5thedition),3,4,5,6,7,9(6thedition).

Homogeneouslinearequations

121–127:§4.2:3,10,14,19,20,21,26(5thedition).4,9,14,19,20,21,26(6thedition).

Auxiliary equationwith complex roots

128–139:§4.3:5thedition:4,6,10,9,21,22,26,28,29,35,37,38. 6thedition:3,5,9,10,
21,22,26,28,29,35,37,38.

Principleof superpositionandinhomogeneousequations

140–153:§4.5:5thedition:1,3,6.6thedition:2,4,5.Botheditions:17,19,24,25,35,36,
39,40,42,46,48.

Powerseriessolutions

154–158:4,6,8,11,13of §8.1.

159:wegave in classtheexample:Find thethird Taylor polynomialof thesolutionof the
initial-valueproblem

y′ = 1
x + y + 1

, y(0) = 0.

Find theexactsolution,andcomparethethird Taylorpolynomialwith thatfoundin class.

160–168:3,6,7,13,14,23,24,35,38of §8.2.

169–178:exercises1,4,5,12,14,16,20,22,23,32of §8.3.


