MATE 5049 assignment 2

Sketch of solutions

Marks: 7 (12), 8 (12), 9 (6), 10 (4), 11 (14). Total: 48.

8. f(y,9=y++/ 1+ Zisstrongly convex, assum of aconvex and astrongly convex function.
The differential equation

d_ ¥ 4

dx /1+y'2
yieldsupon direct integrationy’ // 1+y'? = x + b,hencey = — / 1— (x + b)? + c.

(@ On D : the boundary conditionsgivel — b?> = (1+c),, andadso b = (2 — \ﬁ%)~

C. Therefore:
1+2-+/3HE+2c=0.
-2 .
¢ = O correspondsto b = 0, and the other value c = ————=—— doesnot satisfy the
=P 1+ (2— /37 Y
original condition c= — 1+ 1/ 1— b?. Sothesolutionisy = — /1— X2,

(b) OnD,;werefer againtotheform y = — 1/ 1—(x+ b)? + ¢, and the boundary
conditionsare y(0) = — 1 and f_(1/2) = 0. The natural boundary condition implies
y'(1/2) = 0,and sincey’ = __X+b ,thismeansb = — 1/2. Compute the

\/ 1— (x + by
2
corresponding value of ¢, and obtainy = — 4/ 1— (X - él) -1+ ?

11.
(@ f= —y+Ay/ 1+y? Thedifferential equation to solveis

da_xy 4
dx /1 + NZ
and upon integration, \/)‘—y_z = — (X + B). Further integration givesy' =
1+y
x+B , using the fact that A > 0. Hence:
M — (x + B)?

y=1X—(x+BZ?+C.

Applying the endpoint conditionsgivesB = 0, C = — 1/ A — b? and



-2-

Y=V NM—x2— /M-

As seen by rewriting thisin the form (y + v/ A2 — b?)* + x2 = )2, thisisthe nonparametric
eguation of an arc of circle of radius \, centre (O, — /N bz) and passing through the

points ( — b, 0) and (b, 0). From the form of y(x), we seethat A\ > b. Remainsto see how
thevalue of )\ isrelated to thelength |. From

b 24y P A
I_f_b 1+y dx_f_b—/\z_xzdx,

we seethat | > 2b, and that | is a strictly decreasing function of . By taking limits,
there holds

moIy=2b, M) = 72— dx=nb.

b /1% — X2

Monotonicity of | (\) impliesthat if 2b < | < 7b, there exists an unique radius A solving
the problem. The elegance of thisargument isthat you don’'t have to compute A explicitly
intermsof |.

(c) TheangleBisgivenby 3 = 2arctan(b/+/ b?> — \?) .Maket = tan(3/2), so that \? =
b?*(1+ 1/t?) . Then the areais given by

)\Zﬂ 12b\/ — BPeot(5/2).

" 2s 2(ff/2)

Its derivative with respect to 3 i |s (2 Beot(8/ 2)) which is nonnegative

2(ﬂ/ )
on (0,7/2).



