
MATE 5049assignment7 (final version)

35. In avectorspaceX, anaffinevarietyis thetranslateof somesubspaceSof X by somefixed
elementx0: V = x0 + S.

a) Show thatsuchx0 belongstoV, andthatSisdeterminedby V alone(sothatV is indif-
ferentlywrittenasx1 + S, wherex1 is any elementof V, but S is alwaysthesame).

b) Use (a) to concludethat, given a subsetC of X, thereis a smallestaffine variety
containingC (how is it obtainedfrom S(C − x0 ), spanof C − x0?) We denotethis
varietyby v(C) .

c) Thespanof a setD, smallestsubspacecontainingD, is alsothesetof all finite linear
combinationsof theform

{ ∑λixi : xi ∈ D } .

Usethisfactto show that

v(C) = A = { ∑λixi : xi ∈ C, ∑λi = 1 }

whereall possiblefinite sumsare allowed. Linear combinationswith coefficients
addingto onearecalledaffinecombinations.

36. It is assertedin Luenbergerthatv([ f , C]) = R × v(C), where[ f , C] denotestheepigraphof
f .

a) Assumef takesfinite values,andshow that R × v(C) is anaffinevarietycontaining
[ f , C] (therebyshowing v([ f , C]) ⊂ R × v(C) .)

b) To show thereverseinclusion,onehasto show thatany pair (r , x) wherex ∈ v(C) can
bewrittenasanaffinecombinationof pointsin [ f , C]. For this,onecanuseinduction
onthecardinalityof n whenwriting x = ∑n

1λixi, xi ∈C, ∑λi = 1. Show how thebase
of theinductionworks,by makingn = 1.Hint: express(r , x) asanaffinecombination
of thetwo points(f (x), x) and(f (x) + 1, x) .

For bonus,show how thegeneralinductionstepworks.
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37.

a) Let X = 2L [0, 1] , anddefine g(x) = ∫
1

0
| x(t)| dt . Find theconjugatefunctionalof g.

Hint: we have worked with piecewise 1C functions,but not muchin 2L . To find the
domainof ∗g (which is containedin X = 2L , sinceX is its own dual),assumefirst that

∗x is continuous.Therestrictionyou find on ∗x carriesover to 2L ; checkwith me if
in doubt.

b) Let X = 2L [0, 1], anddefinef (x) = ∫
1

0
(1
2

2x (t) + |x(t)|) dt on X . Find theconjugate

functionalof f .

38. Let X bea Hilbert space,with norm | ⋅ | . Wewantto show the“minimum norm” theorem:
“Let x0 beapoint in X, andd beits distancefrom thesubspaceM . Then

d = inf { |u − x0| : u ∈ M } = max{ 〈 ∗x , x0〉 : | ∗x | ≤ 1, ∗x ∈ ⊥M } ”.

Follow thesesteps:

a) Show thattheconjugateof f (x) = | x − x0| is ∗f ∗(x ) = 〈 ∗x , x0〉 . Hint: first,make x0
= 0 .

b) Prove theminimumnormtheoremusingdirectly theFenchelduality theorem.Hint:
makeC = X , D = M , g = 0 .

39. Problem2 p.270.

40. Problem4 p.271.


