MATE 5049assignment7 (final version)

35. In avectorspaceX, anaffinevarietyis thetranslateof somesubspac& of X by somefixed
elementx 'V =X, + S.

36.

a)

b)

Shaw thatsuchx, belongso V, andthatSis determinedy V alone(sothatV isindif-
ferentlywrittenasx, + S wherex is ary elemenof V, but Sis alwaysthesame).

Use (a) to concludethat, given a subsetC of X, thereis a smallestaffine variety
containingC (how is it obtainedfrom §(C - x,), spanof C — X,?) We denotethis
varietyby v(C).

Thespanof asetD, smallestsubspaceontainingD, is alsothe setof all finite linear
combination®f theform

{2Ax :x 0OD}.
Usethisfactto shav that
VIC)=A={3Ax :x 0OC, YA =1}

where all possiblefinite sumsare allowed. Linear combinationswith coefficients
addingto onearecalledaffinecombinations.

It isassertedh Luenbegerthatv([ f, C]) = R x v(C), where[ f, C] denotesheepigraphof

f.

a)

b)

Assumef takesfinite valuesandshawv that R x v(C) is anaffinevarietycontaining
[ f, C] (therebyshawing v([ f,C]) O Rx v(C).)

To shaw thereverseinclusion,onehasto shav thatary pair (r, X) wherex O v(C) can
bewritten asanaffinecombinatiorof pointsin [ f, C]. For this,onecanuseinduction
onthecardinalityof nwhenwriting x = ZZAixi, x OC, YA; = 1.Shav how thebase
of theinductionworks,by makingn = 1. Hint: expresqr, X) asanaffinecombination
of thetwo points(f (X), x) and(f (X) + 1, X) .

For bonus shov how thegenerainductionstepworks.



37.

a) Let X = L?[0, 1], anddefine g(x) = J’(1)| X(t)| dt . Find the conjugatefunctionalof g.

Hint: we have worked with piecavise C! functions,but not muchin L2 To find the
domainof g- (whichis containedn X = L?, sinceX isits own dual),assumdirst that
x"is continuousThe restrictionyou find on x" carriesover to L checkwith me if
in doubt.

b) LetX = L?[0, 1], anddefinef (x) = J’i(%xz(t) + x(t)[) dt on X . Find the conjugate

functionalof f .

38. Let X beaHilbert spacewith norm| []. We wantto shav the“minimum norm” theorem:
“Let x, beapointin X, andd beits distancefrom thesubspacé/ . Then

d=inf{Ju-x|:uOM} =max X" x,0: x| < 1 x"OM"}".
Follow thesesteps:

a) Shaw thattheconjugateof f(x) = |x - x| is f(x") = X", x,0 Hint:first,male x,
=0.

b) Prove the minimum normtheoremusingdirectly the Fenchelduality theoremHint:
makeC =X, D=M, g=0.
39. Problem2p.270.

40. Problem4 p.271.



