MATE 6540 assignment 5

14. Exerciselof ChaptewIl, p.133in Dixmier.
15. Exercise2 of ChapteVIl, p.133of Dixmier.

16. TheBairetheorem(Hirsch-Lacombé Elementsof functionalanalysis”)Let X beametric
spaceTwo playersPierreandPaul,playthefollowing “game of Choquet”.Pierrechooses
anonemptyopensetU, in X, thenPaulchoosesinonemptyopensetV, insideU, thenPierre
choosesnonemptyopensety, insideV,, andsoon.At theendof thegame thetwo players
have definedtwo decreasingequencegJ ) and(V.) of opensetssuchthat

U ov,du,, foreveryn ON.

Notethat N U, = N 5V, wedenotethissetby U. Pierrewinsif U is empty oth-
erwisePaulwins.We saythatoneof the playershasa winningstratey if he hasa method
thatallows him to win whateser hisopponentloesThereforethetwo playerscannotboth

have awinning stratey; a priori, it is possiblethatneitherdoes.

a) Provethatif X hasanonemptyopensetO whichis a countableunionof closedsets
with emptyinterior, Pierrehasawinning stratey. Hint: Pierrestartswith U, = O, and
responds$o eachchoiceof Paul'sby usingthegivenclosedsets.

b) Provethatif X iscompletePaulhasawinningstratey. Hint: if adecreasingequence

F, of closedsetsin X hasdiameteitendingto zerothen N | \F, # U.

c) LetX beacompletemetricspaceProve Baire'stheoremanopensetof X cannotbe
theunionof acountablgamily of closedsetswith emptyinterior.

Marks:9 + 6 + 10



