
MATE 6540 assignment 5

14. Exercise1of ChapterVII, p.133in Dixmier.

15. Exercise2 of ChapterVII, p.133of Dixmier.

16. TheBairetheorem(Hirsch-Lacombe,“Elementsof functionalanalysis”).Let X beametric
space.Two players,PierreandPaul,playthefollowing “gameof Choquet”.Pierrechooses
anonemptyopensetU1 in X, thenPaulchoosesanonemptyopensetV1 insideU1, thenPierre
choosesanonemptyopensetU2 insideV1, andsoon.At theendof thegame,thetwoplayers
havedefinedtwo decreasingsequences(Un) and(Vn) of opensetssuchthat

Un ⊃ Vn ⊃ Un+1 for everyn ∈ N.

Notethat ∩ n∈NUn = ∩ n∈NVn; we denotethissetby U. Pierrewins if U is empty, oth-
erwisePaulwins.Wesaythatoneof theplayershasa winningstrategy if hehasa method
thatallowshim to win whateverhisopponentdoes.Therefore,thetwo playerscannotboth
haveawinningstrategy;a priori, it is possiblethatneitherdoes.

a) Prove that if X hasa nonemptyopensetO which is a countableunionof closedsets
with emptyinterior, Pierrehasawinningstrategy.Hint: Pierrestartswith U1 = O, and
respondsto eachchoiceof Paul’sby usingthegivenclosedsets.

b) Provethatif X iscomplete,Paulhasawinningstrategy.Hint: if adecreasingsequence
Fn of closedsetsin X hasdiametertendingto zero,then ∩ n∈NFn ≠ ∅.

c) Let X bea completemetricspace.ProveBaire’s theorem:anopensetof X cannotbe
theunionof acountablefamily of closedsetswith emptyinterior.

Marks:9 + 6 + 10


