
MATE 6540 assignment 1

1. A topologicalspaceis normal if it is separated(Hausforff), andif for any pair of disjoint
closedsetsFi , i −− 1, 2, thereexistsa pair of disjoint opensetsUi suchthatFi ⊂ Ui . The
following exampleis of aHausdorff spacewhich is notnormal.
Let S−− {(x1,x2) : x2 ≥ 0} (closedupperhalf-plane).WedefineatopologyonS by itsbasis
asfollows:let 1R betheboundaryof S, andS+

−− S\ 1R betheopenhalf-plane(here,“open”
and“closed”referto thetopologyinducedby 2R , whichmaybedifferentfrom theonewe
will define).Let

B1
−− {Bx(r) : x −− (x1, x2) ∈ S+, r < x2}

and

B2
−− {(Bx(r) ∩ S+) ∪ {x}, x ∈ 1R

wheretheBx(r) aretheopenballsfor theusualmetricof theplane.LetB −− B1 ∪ B2.

a) Verify thatB is thebasisfor a topologyT onS.

b) For thistopology, verify thatS is Hausdorff. (Therefore,pointsareclosed).

c) Show that 1R \{0} is closedin S for thistopology.

d) Show that 1R \{0} andthepoint0 cannotbeseparatedby opensets.

2. An opensubsetof R is theunionof asequenceof pairwisedisjointopenintervals.

3. Let X be a topologicalspaceand A a nonemptysubsetof X. A subsetV is called a
neighbourhoodof A if thereexistsanopensubsetU of X suchthatA⊂ U ⊂ V.

a) Thesetof neighbourhoodsof A is afiltre F .

b) Giveanecessaryandsufficientconditionfor theidentitymappingof X into X to have
a limit alongF , assumingX is separated.

c) Let X −− R , A−− N. Show thattheredoesnot exist asequenceV1, V2, V3… of elements
of F suchthateveryelementof F containsoneof theVi .

4. Let X , Y be topologicalspaces,f a mappingof X into Y. The following conditionsare
equivalent:(a)f is continuousandclosed,(b) f (

−
A)−−−f (A) for everysubsetA of X.

Marks:12 + 9 + 12 + 6.


