
MATE 6627 MidtermExamination October16,2006

Name:

Youareentitledto takehometwo problems,onecountingfor twentypoints,andonefor fifteen;you
mustindicatewhichyouchoose.Try to completethefour others.

1. (20) Denoteby 1l thesetof complex sequencesa −− (an) suchthattheseries
∑
|an|converges;

| a |1 −−
∑
|an | is thena norm.Denoteby ∞

l the setof boundedcomplex sequences,with
thenorm

|a|∞−− sup
n∈N
|an|.

Also,denotebyc00 thesetof almost-zerosequences(thosethathaveonlyfinitely many nonzero
terms),andby c0 thesubsetof ∞l consistingof sequencesthattendto 0.

a) Provethat 1l , ∞l areBanachspaces(youonly needto show completeness).

b) Show thatc0 is closedin ∞
l .

c) Whatis theclosurein ∞
l of c00?

d) Whatis theclosureof 1l in ∞
l ?(Useb) andc)).

2. (20)

a) Let X beametricspaceand(f n) asequencein C(X) . Provethat,if { f n}n∈N
isequicontin-

uousatapoint x of X, thenfor any sequence(xn) of X thatconvergesto x, thesequence
(f n(x)− f n(xn)) convergesto 0.

b) Setf n(x) −− sin nx . Prove that{ f n}n∈N
is not equicontinuousat any point x of R . Hint.

Considerthesequence(xn) definedby xn
−− x + π/(2n) .

c) Let (Y , d ) bea metricspaceandlet A bea nonemptysubsetof Y. Let f bea Lipschitz
functionfrom A to R,with LipschitzconstantC.Set

g(y)−− inf
x∈A

(f (x) + Cd(x, y))

for all y in Y. Prove thatg is a Lipschitzextensionof f, alsowith constantC. Hint: first,
show thatg extendsf. To show Lipschitz,usetheintermediatestep:giveny, z in Y,

∀ξ ∈ A, ∃x ∈ A : f (x) + Cd(x, y) ≤ f (ξ) + Cd(ξ, z) + Cd(y, z)

thentake infimato obtainaboundong(y) thatdependsony, z.

3. (20) Let c00 beasin problem1,endowedwith thescalarproduct

(x|y)−−
∑
i∈N

xi
−yi .

Let f bethelinearform onc00 definedby

f (x)−−
∑
i∈N

xi

i + 1
.
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a) Provethatf is continuous.

b) SetF = ker f. ProvethatF is aclosedvectorsubspacestrictly containedin c00 .

c) Provethat ⊥F −− {0} .

4. (15)

a) ConsiderthespaceE −− ∞
l . Provethatthesequence(Tn) of E′ definedby Tn(x)−− xn has

nopointwiseconvergentsubsequencein E.

b) Assumethat(xn) and(yn) aresequencescontainedin theunit ballof ascalarproductspace,
andthat(xn|yn) → 1 . Provethat|xn− yn| → 0 .

5. (15) Provethateveryprecompactmetricspaceis separable.

6. (15) A generalisation of Dini’s lemma.ConsideracompactmetricspaceX, andelementsf and
{ f n}n∈N

of C(X). AssumethatthereexistsaconstantC > 0 suchthatfor all p,q, in N,

| fp+q− f | ≤ C| fp− f |

Provethatif thesequence( fn) convergespointwiseto f, it convergesuniformly to f. Hint:given
ε > 0, considerthesetsωn

−− { x : | fn− f |< ε}


