
MATE 6727 assignment 1

1. AssumethatX is infinite,andthatthereexistsa surjectionφ : N → X . Definerecursively
thesequence(np) by settingn0

−− 0 and

np+1
−− min{ n : φ(n) ∈/ { φ(n0),φ(n1), …,φ(np) }} for p ∈ N

Show thatthissequenceis well-defined,andthatthemapp → φ(np) is a bijectionfrom N
to X.

2. Which,if any, of thefollowing setsis countable?

(a) Thesetof sequencesof integers.

(b) Thesetof sequencesof integersthatarezeroafteracertainplace.

(c) Thesetof sequencesof integersthatareconstantafteracertainplace.

3. Let A beaninfinite setandB bea countableset.Prove thatthereis a bijectionbetweenA
andA ∪ B .

4. Let X bea connectedmetricspacethatcontainsat leasttwo points.Prove thatthereexists
aninjectionfrom [0,1] into X. DeducethatX is notcountable.
Hint. Let x andy bedistinctpointsof X. Provethatfor everyr ∈ [0, d(x, y)], theset

Sr
−− { t ∈ X : d(x, t)−− r }

is nonempty.

5. Let f beanincreasingfunctionfrom I to R,whereI is anopen,nonemptyinterval of R.Let
Sbethesetof discontinuitypointsof f. If x∈ I, denoteby f (x+) andf (x−) theright andleft
limit of f at x (they exist,sincex is monotone).

(a) ProvethatS −− { x ∈ I : f (x−) < f (x+) } .

(b) For x ∈ S, write Ix
−− (f (x−), f (x+)) . By consideringthefamily (Ix)x∈S, prove thatS

is countable.

(c) Conversely, let S −− {xn}n∈N
be a countablesubsetof I. Prove that thereexistsan

increasingfunctionthesetof pointsof discontinuityof which is exactlyS.
Hint. Putf (x)−−

∑+∞
n−−0

−n2 1[xn,+∞)(x) .


