MATE 6727 assignment 1

AssumethatX isinfinite, andthatthereexistsa surjectiony : N — X. Definerecursvely
thesequencénp) by settingn, = 0 and

Ny = min{ n: ¢(n) ¢ { o(ny), p(n)), ..., ¢(n,) }} forpeN

Shaw thatthis sequences well-defined andthatthemapp — ¢(np) is a bijectionfrom N
to X.

Which,if ary, of thefollowing setsis countable?
(a) Thesetof sequencesf integers.
(b) Thesetof sequencesf integersthatarezeroafteracertainplace.

(c) Thesetof sequencesf integersthatareconstantfteracertainplace.

Let A beaninfinite setandB bea countableset.Prove thatthereis a bijectionbetweerA
andAUB.

Let X beaconnectednetricspacehatcontainsat leasttwo points.Prove thatthereexists
aninjectionfrom [0,1]into X. DeducethatX is not countable.
Hint. Let x andy bedistinctpointsof X. Provethatfor everyr € [0, d(X, y)], theset

S={teX:dx,t)=r}
isnonempty

Letf beanincreasingunctionfrom | to R, wherel isanopenhonemptyinterval of R.Let
Sbethesetof discontinuitypointsof f. If x € I, denoteby f (x, ) andf (x_) theright andleft
limit of f atx (they exist, sincex is monotone).

(@) ProvethatS= {xel :f(x ) <f(x,)}.

(b) Forx e Swritel = (f(x_),f(x,)).By consideringhefamily ()
iscountable.

g ProvethatS

(c) ConverselyletS = {x,},_, beacountablesubsetof I. Prove thatthereexistsan
increasingunctionthe setof pointsof discontinuityof whichis exactly S.

Hint. Putf (x) = 2:32‘"1%,%0)@) :



