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MATE 6627 assignment 2

Shaw thatif anormedspaceE containsa countablundamentafamily of vectors{ x,, x;
, ... L, it isseparable.

Hint. Shaw thata certainfamily of linearcombinationf theset{ x,,x,, ... } spansadense
setin E.

Let X beametricspaceWe saythata family of opensets(U,), _, of X is abasis of open
sets (or open basis) of X if, for every nonemptyopensubsetJ of X andfor everyx in U,
thereexistsi € | suchthatxe U, C U.

a) LetU beanopenbasisof X. Provethatany opensetU in X istheunionof theelements
of U containedn U.

b) ProvethatX isseparablgustin casdt hasacountableopenbasis.
Hint.If (x ) isadensesubsequenca X, thefamily

(B(x, /(P + D)), en

isanopenbasisof X. Converselyif (U, ) isanopenbasisof X, ary sequencéx.) with
thepropertythatx, € U_for everynisdensen X.

Let X beaseparablenetricspace.

a) Letf : X — Rbeafunction,andlet M bethesetof pointsof X wheref hasalocal
extremum Prove thatf(M) is countable.
Hint. Let M* bethe setof pointsof X wheref hasa local maximumandlet{ bea
countableopenbasisof X. Provethatthereis aninjectionfrom f (M*) into /.

b) Provethatacontinuoudunctionf : R — Rthathasalocal extremumat every point
is constant.

If x andy arerealnumbersye write d(X, y) = |y — x| andd(Xx, y) = |arctany — arctanx].
Provethatd is ametricon R equivalentto theusualmetricd; thatis, thetwo metricsdefine
thesameopensets Shaw that(R, §) is precompacthut (R, d) is not.

Prove thata metricspaceX is precompacjustin caseevery sequencén X hasa Caucly
subsequence.

Let A beasubsebf anormedvectorspaceE. ProvethatA is precompactf andonly if A
is boundedand,for everye > 0, thereexistsa finite-dimensionavectorsubspacé_ of E
suchthatd(x, F,) < e for all xin A.



