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6 Show thatif a normedspaceE containsa countablefundamentalfamily of vectors{ x0, x1
, …}, it is separable.
Hint.Show thatacertainfamilyof linearcombinationsof theset{ x0,x1,…} spansadense
setin E.

7 Let X bea metricspace.We saythata family of opensets(Ui)i∈I of X is a basis of open
sets (or open basis) of X if, for everynonemptyopensubsetU of X andfor everyx in U,
thereexistsi ∈ I suchthatx ∈ Ui ⊂ U .

a) LetU beanopenbasisof X. Provethatany opensetU in X istheunionof theelements
of U containedin U.

b) ProvethatX is separablejust in caseit hasacountableopenbasis.
Hint. If (xn) is adensesubsequencein X, thefamily

(B(xn, 1/(p + 1)))n,p∈N

isanopenbasisof X. Conversely, if (Un) isanopenbasisof X, any sequence(xn) with
thepropertythatxn ∈ Un for everyn is densein X.

8 Let X beaseparablemetricspace.

a) Let f : X → R bea function,andlet M bethesetof pointsof X wheref hasa local
extremum.Provethatf(M) is countable.
Hint. Let +M bethesetof pointsof X wheref hasa local maximumandlet U bea
countableopenbasisof X. Provethatthereis aninjectionfrom f ( +M ) intoU.

b) Prove thata continuousfunctionf : R → R thathasa localextremumat everypoint
is constant.

9 If x andy arerealnumbers,wewrite d(x, y) −− |y− x|andδ(x, y) −− |arctany− arctanx| .
Provethatδ is ametriconR equivalentto theusualmetricd; thatis, thetwo metricsdefine
thesameopensets.Show that(R, δ) is precompact,but (R, d) is not.

10 Prove thata metricspaceX is precompactjust in caseevery sequencein X hasa Cauchy
subsequence.

11 Let A bea subsetof a normedvectorspaceE.ProvethatA is precompactif andonly if A
is boundedand,for everyε > 0, thereexistsa finite-dimensionalvectorsubspaceF

ε
of E

suchthatd(x, F
ε
) ≤ ε for all x in A.


