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30. For certaindomains,theGreen’sfunctionmaybecomputedexplicitly.TakeΩ tobetheunit
discin theplane.Set

v(x, y)−− G(x, y)− 1
2π

log|x− y|

wherev(x , · ) is requiredto beharmonicin Ω andG(x , · ) vanisheson theboundaryΓ
of theunit disc.Theideaof imagesis to expressv as thepotential dueto sourceslying
outsideΩ. Let ∗y betheinversepoint of y with respectto theunit circle (i.e., ∗y −− y ⁄ |y 2| .)
Show that

G(x, y)−− 1
2π

log|x− y|− 1
2π

log|x− ∗y |− 1
2π

log|y|.

In particular, if x −−/ 0, show thatG(x, · ) canbeextendedby continuityto y −− 0. Whatis
thenormalderivativeof G on theunit circle?

31. Show thattheheatkernelsatisfiestheinequality

K (t, x, y) ≤
−n

2π |x− y
−n|

n
2(

n
2e

)

for x, y ∈ nR , t > 0.

32. Let u(t, x) bea functionof class 1C , and

Bt
−− {x : |x| ≤ t}, t > 0.

Show thatif

E(t)−− ∫
Bt

u(t, x) dx,

then

dE(t)
dt
−− ∫

Bt

∂t u dx + ∫
∂Bt

u dσ(x).

Marks:16 + 6 + 9−− 31


