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In this paper we derive simple and explicit formulas for the number of spanning trees

in circulant graphs Cp;""™®™*“", Following from the formulas we show that
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where k = lcm(a1 vapr a%), and lcm denotes the least common multiple. The asymp-
totic limit represents the average growth rate of the number of spanning trees.
The research is continuation of the previous work (Golin et al., 2010; Zhang et al., 2000;
Zhang et al., 2005).
Published by Elsevier B.V.

1. Introduction

Throughout this paper, the graphs are allowed to contain multiple edges and self-loops unless otherwise specified.
Let G be a connected graph on n vertices. A spanning tree in G is a tree havmg the same vertex set as G and its edge set 1s

a subset of the edge set of G. An oriented spanning tree in a directed graph G is a rooted tree with the same vertex set as G,
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(b)Cg’.
Fig. 1. Two special circulant graphs.

i.e., there is a specified root node and paths from it to every vertex of G. The number of spanning trees has a long research
history because it is interesting from a combinatorial perspective and also arises in several application problems. An old
motivation is that the number of spanning trees characterizes basically the reliability of a network in the presence of line
fault and counting the number of spanning trees is important in designing electrical circuits [7]. Another related discovery
is that the resistance distance between two nodes in a network can be expressed by the number of spanning trees and
therefore computation of the effective electric resistance involves calculation/estimation of the number of spanning trees
in a given network (see e.g., Theorem 7-4 in [16], or [1,17]).

Given the adjacency matrix of a graph G, Kirchoff’s matrix tree theorem [11] gives a closed formula for calculating the
number of spanning trees. However, for a given general graph it is not easy to count the exact number (or to get a good esti-
mation) from the theorem and therefore special graphs have been considered extensively because it turns out to be possible
to derive explicit formulas for them. The real problem, then, is to calculate the number of spanning trees of special graphs
in particular parameterized classes. The class of circulant graphs to be considered here is one of the classes of graphs that
have been received much attention in the last decades.

Circulant graphs can be defined in different ways [2,4,10]. Here it is convenient to introduce them and the values to be
counted as described in [10]. Let sy < 53 < --- < §¢ < L%J be given positive integers. The circulant graph on n vertices and
jumps s, S, .. ., Sg is defined by

Cgl,sz,“..sk — (‘/7 E)
whereV ={0,1,2,...,n— 1},and

n—1

E=JlGi+s), Gits).....G0i+s)
i=0

where all of the additions are done mod n. That is, each node is connected to the nodes that are jumps s; away from it, for
_'S],Sz ,,,,,

j=1,2,..., k. Similarly, the directed circulant graph on n vertices,’ C, * has the same vertex set but s, < n and
n—1
E=JlGi+s), Gits).....G0i+s))

i=0

where an edge is directed from each i to the nodes s; ahead of it, for j = 1, 2, .. ., k. To avoid confusion, we emphasize that,
since we are allowing multiple edges in our graphs, C;"*2"** is always 2k-regular and C,;""*2"* is always k-regular. For

example, in our notation, CZ],;” is the 4-regular graph with 2n vertices such that each vertex i is connected by one edge to
each of (i— 1) mod 2n and (i+ 1) mod 2n and by two edges to (i + n) mod 2n. Our techniques would, with slight technical
modifications, also permit analyzing graphs in which multiple edges are not allowed, e.g., the Mobius ladder Ms,,. This is the
3 regular graph with 2n vertices such that each vertex i is connected by one edge to each of (i — 1) mod 2n, (i + 1) mod 2n
and (i+n) mod 2n. The reason that we do not explicitly analyze such graphs is that such an analysis would require rewriting
all of our theorems a second time to deal with these special instances without introducing any new interesting techniques.
Two undirected circulant graphs are given in Fig. 1.

Let T(X) stand for the number of spanning trees in a (directed or undirected) graph X. For any fixed integers 1 < s; <
Sy < .-+ < 5, it was shown in [19] that, in the case of directed circulant graphs,

. 1 ("51,52,...,sk)
lim T(C3V2+5%)" = lim —2L —_~ —k,
n— o0 n— o0 T(Cgl’sz’“"sk)

1 We should mention that the general concept of a set does not allow for multiple copies of an element. Here multiple edges can appear in the graph
when performing addition modulo n on the stage of interpreting the elements of E.

2 In this paper we do not discuss directed graphs. We talk about them for completeness and the reason we address some of their results is that there is
an open problem on them, which is emphasized in the Concluding Remarks.
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where k is the degree of each vertex of C;LL? % However, for undirected graphs, the asymptotic limits was shown to be
dependent on k and all the s; [10], and

(C51 §2 ) 1 k
; 15205k T — n+ — in e
nll)rrolO T(C, )" nll)oo T = 4 exp /0 In (; sin nslx> dx | . (1
More generally, in [10] Golin et al. derive a closed integral formula for the asymptotic limit

lim T
n—oo
as a function of s;, d; and e,. (We do not write out the formula because it is complicated.)

Note that the limits represent the average growth rate of the number of spanning trees in directed and undirected circulant
graphs, respectively. It is known that the asymptotic limits for grids and tori turn out to be equal and are also equal to the
limit for the circulant graphs with non-constant jumps [5,8,10].3 For general recursive graphs Lyons [15] has developed a
more general technique for deriving the asymptotics of the number of spanning trees. His techniques can be used to derive
the asymptotics of fixed-jump circulants, but do not seem to be usable to derive the asymptotics when the jumps depend
on n. The number of spanning trees in directed circulants with non-constant jumps was studied in [6]. For circulant graphs
with non-constant jumps Gy ™" 'in [ 10] Golin et al. derive an asymptotic closed integral formula for the number of
spanning trees. Recent results on calculatmg the asymptotic (maximum) number of spanning trees in circulant graphs with
both fixed-jumps and the jumps depending linearly upon n can be seen in [10,12,14]. We would like to address that when
graphs have jumps with sizes depending on n the situation becomes complicated. For instance, from [10] we observe that
forq=0,1,2,

. I3
im 7(G0") =q
n mod 3=q
where the ¢, are three different constants.
1,ain,ayn,....a

In this paper we consider the circulant graphs Cp, " continuing the previous work [10,20,21]. In Section 2 we
derive simple and explicit formulas for the number of spanning trees of the graphs and their asymptotics. Following from

the formulas derived we obtain the value for the limiting asymptotics of the number of spanning trees in circulant graphs
C;ﬁam.azn ,,,,, a,n.
To derive our explicit formulas we need to recall the fundamentals for the number of spanning trees and various standard

properties of the second kind Chebyshev polynomials. Our basic idea actually is an extended use of these polynomials, com-
pared with the ones applied in [ 18,21]. First, making use of Kirchoff's Matrix Tree Theorem it is easily shown that (e.g., [2,10])

T(G2%) = — ]‘[ ( k-2 Z 2””) 2

Then, for convenience, we write out the useful properties of the Chebyshev polynomials copied from [3,21]. For a positive
integer m, the Chebyshev polynomials of the first kind are defined as T,(x) = cos(m arccos x), and the second kind are

1d sin(m arccos x)
Un-1®) = ——Tp(¥) = —————.
m dx sin(arccos x)
It is easily verified that Uy, (x) — 2xUp,_1(X) + Up_2(x) = 0, and

[l ) (o)

where the identity is true for all complex x (at points x = %1 take the limits), and by which we can easily obtain that

m—1 j7T m—1 j?T
__ om—1 J" 2 _ gqm—1 2 277"
Upn_1(x) =2 l_[ (x — cos m) , Up_ () =4 jl:! (x cos m) .

j=1
Finally, manipulating the above formulas yields the extremely useful formula in our consideration:

Xx+2 m-1 27
U,i_]< 2 ):H(x—2c05m>. (4)

j=1

Un(x) =

2. Simple and explicit spanning tree formulas

The following Theorem A is Theorem 3 of [10].

3 A jump s; is called non-constant if it is a function of n, the number of vertices of graph. While examining the structure of non-constant jump circulant
graphs, it was conjectured in [9] that the asymptotics of the number of spanning trees of the m x n tori and grids and the circulant graphs C1," would be
the same.



1886 M. Li et al. / Discrete Mathematics 338 (2015) 1883-1906

TheoremA. Let 1 <s; <--- <s,pand1 <a; <--- <a < pbeintegers. Then

Note that if p = 1, then [ = 0 and Theorem A reduces to (1). To derive our formulas, we use the idea introduced in [10]
and establish the following lemma.
Lemmal. [et0 <s; <---<s,pand0 < a; <--- < a < p beintegers. Then

pn—1

T (C;;,,.N,sk,aln ,,,,, a,n o l—[ |:2(k+ I)—2 ZCOS 7TSJ Z 2na1n1:|

1 e e  2rat
= — || 2(k+l)—2§ cos —22
5 =1
j mod p=t,p—t

ST 1 2rsi % 2mainj
T (Copshamenan) = p—]:[ [2(k+l)—22 ;cos pnl }
1

pn—

:r% ]_[ |:2(k+l)—22c052nsd 22 2”“"’}

=1

j mod p#0
pn—1
2man
X 1_[ |:2(k+l)—22cos —ZZ 711]:|
jm{;lp:O
Note that if j = mp for some integer m then cos 2”“‘”] = cos 2’“;""" = 1,and
ot 2w a;nj 27T5J
I1 2(k+l)—22 ——22 ]_[ k—ZZc
J=1 j=1
j mod p=0

Let 0 < t < [E]. Noting that if j = mp + t for some integer m then

2ma;nj 2rai(mp +t) 2majt
cos = cos = cos ,
pn p
andifjmod p=p —tthenj=mp+p—t=p(m+ 1) — t for some integer m, and
2mwa;nj 2rai[p(m+ 1) —t] 2ma;t
cos = Cos = cos )
pn p p

by these relations we have

n—1
pl_[ |:2(k+l)—22cos—22 Znan]:|

j=1

j mod p#0
p—1 pn—1
2ms 2main
- I1 [2(/<+1)—2Z L’—zz 1]}
t=1 j=1
j mod p=t
L5l pn—1

j=1 i=1 i=1
jmod p=t’,p—t’

k . I ’
27s; 2mat
| | |:2(k—|—l) -2 E cos ALl -2 E cos i i|
pn p

s
Il
-
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Consequently,
1 L8 Pt Znsg 27ra it
T (Copsieameain) — - [T |2k+D-2 Z cos —= -2 Z
=1 jmod)::lt.p—t

The proof is completed.

For some special circulant graphs with fixed and non-fixed jumps, in [20,21] Zhang et al. derive several formulas for the
number of spanning trees. For more general circulants, making use of Lemma 1 it is possible to derive simple and explicit
formulas for the numbers of spanning trees and obtain their corresponding asymptotic properties. Below, as examples, we
derive the spanning tree formulas for more general circulants (We derive the cases from (a) to (d). The derivations of the
formulas from (e) to (o) are given in Appendix at the end of the paper), where we consider the casess; = 1,5, = 0,j > 1
and aﬂ,» € {2, 3, 4, 6}. Our idea is, for different values of Zi’:l cos 2’:% in Lemma 1, to write the spanning tree formula as the
products of appropriate values of Chebyshev polynomials, where we first plug the value of p into the corresponding formula
in Lemma 1 and then represent the products in terms of appropriate values of the Chebyshev polynomials by making use of
Formulas (4) and then (3).

(I) The case T (Cgﬁb”), where b, p are any positive integers satisfying % € {2, 3,4, 6}. We need to derive the formulas
separately.

(a)If % = 2, then plugging p = 2b into the formula in Lemma 1 and then representing the products in terms of appro-
priate values of the Chebyshev polynomials by using Formulas (3) and (4) yield

12 2bn—1 : bn—1
1 2 27j 2mt 21j
T(CLbny = 4 —2cos — — 2c0s — 2 —2cos —
( pn ) 2bn H [ 2bn 2 :| x 1_[ |: bn

t=1 Jj=1 j=1
j mod 2=t,2—t

1 2bn—1 277 2T bn—1
= — l_[ 4—2cos—]—2cos— x]_[ Z—ZCOS—J
2bn i 2bn 2 1
jmod 2=1 =
1 2bn—1 277 1 bn—1 27T
= — 6—2cos—1 XH 2—2cos—]
2bn 2bn | 2bn-1 3 . bn
= [T [6—2cos 2’;;] =1
jm{;]2=0

1 2bn—1 21T bn—1 2 — 2cos 2:1]
= — [6 2 cos 7Ji| 1_[ 727”
2bn =1 2b =1 6 — 2cos n

242

1, 652\ Uai (V22)

= 2bn Uspn-1 4 U2 6+2
4

1 Uz (1
= 2bn U22bn l(\/i) bnil( )

(bn)?

2W<I+ (v2) —1)bn—<f— (ﬁ)2—1>

()]
2 (ﬁ+ l)bn - (ﬁ— 1)bn

bn7] 2
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B
L (ﬁ+])bz_(ﬁ_l>bn
bn (v2+ 1)b" +(v2- 1)”‘]

2 L

pn -(fz+1)%n+ (ﬁ— 1>gn]2,

22

. . . ]’b . .
and so the asymptotics (which represents the average growth rate of number of spanning trees of Con ") is given by

lim

T <Cp

(n+1)

n—00 (Cp]njn)

(n+1)

) =(ﬁ+1)p.

(b) If %’ = 3, then repeating the same procedure as we used in (a) and applying Formulas (4) and (3) yield

T (™)

—

§J 3bn—1 . bn—1
1 £ 2 2t 2
—_— 4—2cos—]—2cos— xl_[ 2—2cos—]
3bn 3bn 3 bn

t=1 j= j=1

j mod 3=t,3—t
1 3bn—1 277 27T bn—1 27ri
—_— l_[ 4—2cos—]—2cos— X 2—2cos—J
3bn P 3bn 3 1 bn
jmod 3=1,3-1 =
1 3bn—1 27_”- bn—1 j
— 5—2cos — | x 2 —2cos —
3bn 1:][ [ 3bn} 1_[ [ ]
Jjmod 3=1,2 J
1 3bn—1 277-- 1 bn—1 .
—1_[ 5—2cos—J X 2—2cos—]
3bn it L 3bn | 3bn-1 2mj =1
_]1 [5—2cos ]
j mod 320
1 3bn—1 T bn—1 2 —2cos 271]
— 5 — 2cos —J 1—[ 7271]
3bn 53 L 3bn | i1 2 cos

242
1 5 542 Ubn 1 ( 4 )
3bn 31 4 542
U2 ( 5+2>
bn—1 4

1 2 7 Ul?n—l (1)
%Um—] 7l By
Ubnfl (\/;)
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r 7 3 2bn 7 3 2bn B 7 3 bn 7 3 bn
 [L0EHVD) " (i) [ ) - (- )
(i+V3 >b” (/3=

B 2bn
() (i)
I 4 4

r 2p 2
_pn \/7+\/§ 3"+\F\F3"
32 4 4 4 4
and so the average growth rate is

1,5 (n+1)
(Cp(n3+l) )
lim
n—oo
)

(o) If %’ = 4, repeating same operations as we did in (a) and (b), and applying Formulas (4) and (3) yields

L] 4bn—1 : bn—1 .
1 £ 27j wt 27j
T(CL™) = — 4-—2cos—= —2cos— | | x 2 —2cos —
(Gi™) 4bn | 1 g [ 4bn 2 :| H |: bn
T\ mod 4=t,4—t =
1 4bn—1 27ri T 4bn—1 27ri 27 bn—1 27ri
= — 1—[ 4—2cos—]—2cos— 1_[ 4—2cos—1—2cos— 1_[ 2—2cos—]
4bn L 4bn 2 L 4bn 2 |+ bn
j modjzt_:lmq j mjoEL:Z =1
1 4bn—1 27Tj 4bn—1 27_”- bn—1 27Tj
= — 4 — 2cos — 6 —2cos— | x 2 —2cos —
4bn L[ [ 4bn] L[ [ 4bn] H [ bn }
jmod 4=1,3 j mod 4=2 =
1 4bn—1 277 1 4bn—1 27ri bn—1 277
:—l_[ 4 — 2cos—] 1_[ 6—2cos—J 1—[ 2—2cos—]
4bn - 4bn | 4bn—1 PITRE 4bn | < 3 bn
= I_—! [4—2cos ] jmiaiz =
jmo{:l_4:0,2
1 4bn—1 27_[]-- 4bn—1 6 — 2 cos 27j bn—1 2 —2cos 271]
= — 4 —2cos —= ‘2‘2 an
4bn 7 L 4bn | L 4—2cos g j7 4—2cos 3
1 At '4 5 27j “n! 6 —2cos 2 1 bl”—_[l 2 —2cos 2!
= — —2c0s — X
4bn g | 4bn] i 4—2cosff M g acs2 T 4—2c0s
jmod 2=0 jﬁl 4—2cos ‘21;;[_]
j mod 4=0
1 4bn—1 2 2bn=16 _ 9 cos 2711 bn=1+9 _ 9 cos 27r1
:—H(4—2cos—]) l_[ 2 2
4bn 4b L1l 4 2cos ’” 6 — 2cos ’”

j=1 2bn j=1 bn

() e () e ()
) em

_ (\F) Uit (V2) 03, )
T 4pn Wn-1 2 U22bn 1([) Ubn 1( )

3
2
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- %n :<\/§+\/§>2bn+<\/§—\/z>2bn 2[(ﬁ+1)bn+(«f—1)bnr
=Z:<\E+\E>g (\f f)g [ 1)i”+(«f—1)5"]2,

and so

(d)If % = 6, then repeating same operations as we did in (a) and making use of Formulas (4) and (3) yield

1 6bn—1 27.”' annj
T(clbtm)y — 4 —2cos — —2cos
(pn ) 6bn ]11 |: 6bn 6bn :|

1 6bn—1

27T 3bn—1 5 _ 2cos 271] 2bn—1 — 2cos 2mj
- (3—2COSJ) 1_[ ( 3bn 1_[ 2bn)

6bn | | 6bn) i (3—2cos ) (3 — 2cos 2U)

=1
bl"_‘f (2 —2cos 2’”)(3 —2cos 2’”)
=1 (6—2cos 2’”)(5 2 cos 27Tf)

([ B (V) s () e (V) (/)
oo <F) U (y%47) U (y257) U (1/%42) U (1252)
_ 1 b(\[) Ut (V3) Ut (vV2) w20 Ui (V3)

o Uiner (V3) U1 (V3) iy H(V2) Ui (3)

() ) (/Z+/§)”"+(¢j_@”’"

x [(fer 1)bn +(v2- 1)bn]2

B[ [ )

Py
3n

and so

) (1)

2p
3

<\/Z+\/j)23p (ﬁ+1>%.

Example 1. From [21] (Theorem 4) we see that

T(cz,,)_ [<f+1) (fz—1>n]2.
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In our consideration this is the case that p = 2, b = 1 and from derivation (a)
1,bn\ __ 1,n
T(Cpn ) =T <C2n )

= Z—Z [(ﬁ+ 1)%'1 + (fz— 1)5"]2

5n 37
= [(f+1) (ﬁ—l) }
n n n2
= 5[(«5“) +(v2-1)7 .
The results are identical. Comparing the asymptotic numbers of the formulas T (Cl},;b”), one sees easily that in graphs Cl}ﬁb”

satisfying % € {2, 3, 4, 6}, the asymptotic value attains its maximum when % =6.

Repeatedly applying the same technique, for different constraints of a, b, c, d, e, p, we can derive the following formulas (e)
to (o). Because their derivations involve rather cumbersome transformations, we put them in Appendix.
(II) The case T (q};,b”‘”) where b, ¢, p are any positive integers satisfying 2 b c P e{2,3,4,6)}.

(e)If £ =6, 2 =4, then
: N
[0 (0
2

Py
3

=55 ()
() (- () ()

o (fz—l)lpz} ,

[(f+1)1

and so its asymptotics is

LEm+1). 5(m+1)

%ﬁ%>wﬂwmwﬂwﬂ

Con

Py Dn 5 in ’
T(Cgﬁbn,cn)_ [([-ﬁ- )2 ( 5 1 2 ] (\/7 \/7> (\/7 \/7) , (5)
and so

Cl E+1).5(n+1) 2p

p(n+1) 5 3\ °
lim =1lv51TVs5 (ﬁ‘f‘ 1)
n—oo T <Cpn6n 3n> 2 2

(g)If b =6,2 =2then
(5 B\ (5 [\
T (clbneny — F© \/i \/i \/i— - -1
=g | () (-1
Py p 2

femr o T B) ()
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rlc 6(n+1)”(n+1))

() ()

(B [

and so

T Cl Em+1). B (n+1)

mf@LWWMDMDMDﬁ”

Con

Em+1), B(n+1)
T Cp(n+1) ’ p p
. 5 3 2
lim = — 4./ = (ﬁ + 1) .
n—00 (Cpn4n 2n> 2 2

()If§ =3, % =2then

|4 p
T(Cl.bn,cn)_@ E_l—\/? 3“+ E z 3n l
pn T 62 4 4 4 4
Py Py 2
7 3\’ 7 3\’ Bn pp2
x ( 4+\/;> +< i 4) +1 [(ﬁ+1)6 +<f2—1)6],

and

T <C1 2(n+1), B (n+1)

TZ?H)) () () e

Con

From the asymptotic numbers of T (Cy;”™"), we see easily that in the graphs ;""" satisfying £, £ € {2, 3, 4, 6} the
asymptotic value attains its maximum when b=6t=4
(I The case T (C;?™ "), where £, £, & € {2, 3, 4, 6}.

c’
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and therefore
1LEM+1), 5 (1), 5 (n+1)

T\ Gowvny 3 5 4
. p 5 3 7 5 6
lim =[,/=+,= — 4.z <ﬁ+ 1) .
n—00 1.Enbn.En 2 2 2 2

T (G

(MIff =6, =4,E=2then

b
pn 11 7 11 7
T Cl,bn,cn.dn _ £ - \/j _ — 1
(P“ ) 122 ( 4 + 4 + 4 4 +
r P P -2 P P,y
/11+\ﬁ 5"+ 11 \/7 5"+1 \/7+\F ""+ \ﬁ 5\°"
% el z - _ /L z = _/Z
4 4 4 4 2 2 2 2

p P
6 6"

(D) ey

(5

and
LE@+1), f (1), E(+1)

) T(Cp(n+l) ) \/ﬁ+\/7 p \/7+\/§ 5 \/7—{_\/? §<ﬁ+l)g

m = —_ — — — — _ .

n— 00 T (CLgn,zn,gn) 4 4 2 2 4 4

pn
(m)If? =6,6=3E=2
Py Py 2
n 5 3\° 5 3\’ 2y P72

TGy = B <\/;+\E> + <\/;— 2) +1 [(«/5+ﬁ)2 +(v3-v2) ] ,

implying that

1,g(n+1),§(n+1),§(n+1)>

T(C (erD) 2
lim = <\/§+ \/g) (V3 +V2).

n— 00 1,2n,2n, 2y
6732
T(Cpn
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and

<C 21, Bt ), p(n+1)>

p(n+1)

lim

o ( Cplﬁn,gn,gn>
() () (5 () o

From the asymptotics of T (C,,"™""), one sees that in graphs C,;""“"" satisfying £, £, & € {2, 3, 4, 6}, the maximum
value attainswhen £ =6, 2 =4, =3,

(IV) The case T (Cp;Pmemamem) | Where EE B Ee{23 4,6}

(0)If £ =6, =4,5=3,2=2 then

5[ (- T
XWM)E d(f58) [T

r(c* LEM+1), (1), 5 (n+1), B (n+1) 4 »

. p(nt1) 7 5\°( [5 3\’ &
lim =(y5+y2 >+y5) (va+1)”
n—00 T <c1 Bn2n ,gn,gn) 2 2 2 2

pn

Observing the above discussions, we have the following theorem:

and

Corollary 1. Let 0 < a; <ay; < --- < a4 < p beintegers andaﬂl_ €1{2,3,4,6},i=1,2,3,4.Then

Cl,al(n+l),az(n+1) ..... a4(n+1)>
p(n+1)

T
lim T (Cl ,ain,azn,. a4n)% = lim
n—o0o n— 0o T (Cgﬁaln.azn ,,,,, a4n)

3. The simple formulas for the asymptotic values

Lemma?2. et 1 < b < pand ’E’ be integers. Then

Proof. From Theorem A (Theorem 3 in [10]), whenk = [ = 1and s; = 1, a; = b, we have

1 1 bt
lim T (C;")" = 4” exp |: E / In (sin2 X + sin? —) dx:| .
n—o0o p
Set ‘E’ = k. Making use of the relation sin?(nw + «) = sin® @ where n is an integer, we have

1

. 1,b11 no__ e . _ /
nlglo]c T (Cp = 4P exp |:Z/ In <51n X + sin? k ) dxi| (letting t = mk +t')

-1k 1 ’
. L, (mk+1t))

= 4P ex In ( sin® 7x + sin? ———= dx
DZZ/ ( m —

m=0t'=
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p -1 k1 /
t
= 4P exp Z/ In (sm X + sin <m71 + n)) dx
m 0t'=0v0 k
p 1 k 1 1 t/
= 4P exp / In (sm X + sin? ) dx
m Ot/ 070 k
p k— 1 t
=4exp| In | sin® 7x + sin® —7 ) dx | .
o[ 25 [ k
L% =0
We first evaluate f01 In(sin® wx + sin? HT”)dx, where t’ = 0,1,2,...,k — 1. Using the relation sin? 7x + sin? NT” =

1+sin? t/T’T —cos? wx, and the formulas for the Chebyshev polynomial of the second kind addressed in Introduction, we have

1 t/ 1 f/ﬂ'
/ In ( sin® 7x + sin®> — | dx / In( 1+ sin? — — cos® x | dx
0 k 0 k

n—1 .
i (3 LA
= nlingo ( In (1 + sin? , — CoS - >

j=1
1

n— 7Tj
— 2 71
= nlirgo In (H (1 + sin? — COS "
Uz, (,/1 + sin? %’)

1
lim In X —
n— o0 4n—1 n

2
s 2t 2t
<\/1+sm T”—}—\/sm T”)
= In .
4

Consequently,

b 1 p k 1 5 5 t
lim T (CLPM)" = 4Pexp | = In ( sin® wx + sin® —m | dx
n—00 ( ) p ]( ;}A ( k )

p et <\/1+sm2”’+\/sm —)
— 4P ex -
P k Z
t'=0
1 <\/1 + sin® 2 \/smz t—”)
= 4exp | In l_[ 2
t'=0 4t
k—1 ZTP
= 4P 14 sin> — \/smz -
4k* tl,:[) (\/ + kT I

The proof is completed.

Lemma 3. Let 0 < b < ¢ < p, §{ and  be integers. Then

2
) RS G _,mwht . wet _, bt , mct ¥
lim T (G ™)™ =] (/1 +sin® — +sin> — + [sin® — + sin> —
=00 p p p p

t=0

in which k = lcm(%, %), where Icm denotes the least common multiple.
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Proof. Set % = ki, % = ky. Then £ o k— and p are integers. Making use of Theorem A and the properties of Chebyshev

polynomial of the second kind, similar to the proof of Lemma 2, we have

1 = bt mct
: 1,bn,cn\n __ 4p in2
Jim T ()™ = Aexp| ) / In (sm X + sin’ 5 — +sin . ) dx

L t=0
1

[p=1 p1
= 4P exp / In (sin2 X + sin? + sin —) dx
—o Jo k kz

I
-

=~
—_

k—1

3

1

o

I

o
S~

= 4 exp n’ (mk + ) in” le—H,)”) dx

1
In ( sin® 7x + sin> —— 7 + sin
key <2

! . , ((mk t' , ((mk t’
In(sin“mx+sin“| —m+ —7w ) +sin“| —m7+ —7m dx
k] k] kz kz

.2 .2 L/ ) L/
l sin“ wx + sin 7 + sin 7 | dx
k1 kz

~s

= 4P exp

|

-

=
|

iR
S~

3
Il
o
X
Il
o

= 4P exp

Il
<]

=
|
=
=
|
-
o\

/

—1 1 ’ ’
.2 .2 t .2 t

In | sin® wx + sin® —m + sin“ — ) dx
0 k] kz

2
!
(\/1 + sin? ‘—” + sin? tk;’ + \/smz Ur 4 sin? tk”)

3
o

7:-

= 4P exp

?\"\"U

= 4" exp

2p

. ! . / / 3
k-1 <\/1 + sin? tk—’l’ + sin? tk—;’ + \/smz Ux 4 sin? f—)

k; 2

=4Pexp | In

=~

t’'=0 4
2p
1k t' t'm ' N2
= 4P. 1+ sin®> — + sin> — + _[sin> — + sin> —
4%k tl;lo (\/ key ky kq ka

2p
bt/ 5 met’ ., Tht’ ., mcet! «
= ]_[ 1+sin? — +5 + [sin + sin
p p p p

The lemma is proven. Continuing the same argument, for any integer [ > 2 we achieve at

Theorem4. [et 0 <a; <--- <a < pand aﬂ,- beintegersi=1,2,...,L Then

=~
|
-

lim T (Cp, 1™ %" ‘””)% = 1+ Zsm Zs ,

n—-oo
t

Il
<)

where k = lcm(£ aﬂl), in which Icm denotes the least common multiple.

a’az ey

The following theorem reveals the monotonic property of the asymptotic value of the number of spanning trees.

Theorem 5. Let 1 < b < pand % be integers. If b is fixed, then the asymptotics

P
1 B bt bt
lim T (C;;")" = 1_[ 14sin2 72 4 in2 72
n—00 —0 p p

is an increasing function of p.

Proof. Setk = £.
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(1) If k is even, making use of the basic formulas sin(r — «) = sin« and sin(% — a) = cosa, we have
- 2b
1 bt bt
1bn\n _ 22 2
nleroloT(C ) _H<\/l+sm ) —|—\/sm p)
. t )
= \/1+sin2—n+\/sin2—n
k k
2b
\/1+sin2t£+\/sin2t—n \/1+sin2k—n+\/sin2k—n
k k 2k 2k
k=1 tw tmw »
\/1 + sin? — +\/sin2 -
e k k
t t 2 2b
\/1+sin2£+\/sin2—n (vV2+1)
k k
g 2
t'm t'mw
1 . 2 _ . 2 _
n(/( SEEE k))
t t 2 2b k%Z t t’
\/l-l—sinzi—l—\/sinzl (ﬁ—i—l) l_[ \/1+sm—ﬁ—|—\/sm—n
k k ot k k
t t ® 2b k
\/1+sin2£+\/sin2—n (ﬁ—i—l) lettingt:—c—j
k k 2
. 4b
o (T (f )2b
- = 241
<2 k )) +

—_

..,
Il
o

=~
|

~ o~
(L
[N

2b

I
—1

,,
Il
-

s

|
N

I
—1

..,
Il
-

|
]

2b

I
- o
\ ||: o
N

I
—1

-
Il
-

|
o

I
I
—_
&

[==1

+

1%2]

£.

[\S]
S
[CR]
|
\.‘“‘
N—
_|_
R
5

|
]

I
—
/
&
==
+
=)
a
N
.
~| 3
+
e
a
N
R‘“.
SN——
—~
N
+
—_
~—
&

-
Il
_

SIS
!
[N)

4b
> ibrr ibr 2b
= l_[ ]—}—coszj——{- cosZJ— (ﬁ—k])
i1 p p
Since b is fixed, for each fixed j € {1, 2, ....} and cos ij” is an increasing function of p, we conclude that

2b

~

P
1 b bt bt
lim T(C]b”)"= 1+sin2 228 4+ fsin2 22
n—00 0 p p

is an increasing function of p.
(2)if kis odd,
2b
bt 2 nbt
14 sin> — +
p p
2b
= \/l—l—sm——i-\/smzt—n
- K k
\/1 + sin? il +\/sin2 i ” ﬁ \/1 + sin? il —I—\/sin2 i
k k . k k

_k+1
- 2

SIS
—_

lim T(C] b”)% =

n—oo

e

T
L

~
(Ll
— -

2b

I
—1

..,
Il
-
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k=1 2b k=1

2 tmw tmw 2 t'm t'm
_ 2 ) ) .2
= | | <\/l+sm —k +\/sm k) [|/=|1 (\/1+sm (n——k >+\/51n (n——k ))

2b

2b

2b k=1

= tmw tmw 2 t'm t'm
_ 2 ) ) )
_1_[<\/1+sm ?—l—\/sm k) [Hl<\/]+sm T—f—\/sm k)

4b

\/ bt \/.Ztn

1+ sin® — + ,/sin“ —

k k

i—1 i1
27 (0, %), cos 27

21
I mbt mbt
. 1,bn\n __ in2 in2 7
nll_{’[;lcT(Cpn )t = | | (\/1+sm ) +\/sm ) )

t=l

Similarly, since is an increasing function of k, and so, if b is given and % is odd,

2b

is an increasing function of p. The proof is therefore complete. From the above discussion one sees that the minimum value
1
n

of limyeo T (C;ﬁb") , as a function of p, b, achieves when & = 2. That is,

1 1 tmw tmw
: 1bnyn _ I I 2 22
th{,‘OT (Cpn )min - <\/] +sin 2 + \/Sln 2 )

t=0

2

T T

= 14 sin®? = sin® —
<\/+ 2+\/ 2)

_ (\54—1)21).

2b

4. Concluding remarks

In this paper we derived simple and explicit formulas for the number of spanning trees in circulant graphs of the form
G124 \We then obtained simple asymptotics for the number of spanning trees in such circulant graphs. Extending
the technique can obtain the simplified formulas for the limiting asymptotics of the number of spanning trees for more
general circulant graphs.

We conclude with a question about the growth rate of the number of spanning trees. From Theorem 4 we have

2p
k
1 - ! ma;t ! mait
lim T C],aln,azn,“.,am no_ ]‘I‘ sin2 et + Sinz hadeing ,
AT (G ) b ; p ; p
where k = lem(£, 2 2y (i = 1,2,...,]), in which Icm denotes the least common multiple. Note that the limit

a;’ay’ "’ a
represents the averlage2 growth’rate of the number of spanning trees of the circulants. Is it possible to find the values or relations
of the jumps that maximize or minimize the average growth rate of the number of spanning trees among all families of 2k-regular
circulant graphs? To the best of our knowledge, this problem has only been addressed [ 13] for directed circulant graphs with
k = 2 (and with only partial solutions so far). It would be interesting to try and solve this more generally.
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Appendix

Below we derive the formulas for (e) to (0), addressed in Section 2.
(II) The case T (C,;"™“"), where b, ¢, p are any positive integers satisfying §, £ € {2, 3, 4, 6}.
(e) If%7 =6, % = 4, then from the first equation in Lemma 1 and by utilizing Formulas (4) and (3) we have

27j j j
T (Ci™") = 6—2cos 2 —2cos 2 —2c0s
p pn 3 2

1 P”—l( 2nj) 31”_—[1 (9—2cos %) fn-1 (8 — 2cos %)
= — 5—2cos — A .
j=1 (5—2COS %) j=1 (5—2cos %)
gn—1 (5 — 2cos z”j) (6 — 2cos ZT”HJ)
6

i )
j=1 (9—2coszglr{> j=1 <8—2cosz”nj> (9—2c0522lnj>
4 6

X

fn-1 (2—2cos ?) (9 2 cos %)
I3 5N
X 12 12
i=1 (6—2cos %’1) (5 — 2cos %)
12 12
2 942 72 8+2) 72 542
1, ( 5+2> Ugn_l( T) Ugn_l( T) Ugn_1< T)
~ pn Pl 4
2 /542 112 /642 172 242 12 9+2
U%n—l ( T) U%n—] ( 4 ) Ulpzn—l ( 4 ) U]%nfl < T)
2 /842 112 f9+2 112 6+2) 772 542
U%n—l ( T) U%n—l ( T) U%n—l ( T) U%n—l ( T)

c
Do N
=
T
—
=
N—"

S—
(=)

LA N
= =

] |
—_
ﬁ\ Ey
S—" [~
< <
Wi N wis N
= =
Lo|L
N m
S—" | —"
[}
I

=

|
—
o
S~

u, L (7) v, (V2) v W o, ()
0 (V2) Vi (V) v (VD) 03, (V3)

/e~
TN
+
)
Ss—
ors
=
_|._
S
SN
|
~)
S—
ors
=
J’_
o

and so its asymptotics is

T Cl,%(n+l)-%(n+l) 2

S ). (o2 (VT3 (V) (et

Con
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pn i pn /) (S—ZCOS? =1 (5 ZCOS?)
6" 2"
2 242 2 8+2
i () )
~ pn Pl 4 2 8+2\ 712 642
P U (V) U (V)

RO

and so

T C B+, E(n+1)

2p
p(n+1) ) 5 3 3 p
lim - \ﬁ + \/i (ﬁ + 1)
n—oo T (Cpnsn 3ﬂ> 2 2

(g)If £ =6, £ =2, then, similarly, we have that

1 2mj 7j .
T (CLbmeny — — 6 —2c0s — —2c0s— —2coST
( pn ) pn l_[ |: pn 3 ]]

Py 2mj _ 2mj
1 Pt <7 , 271]-) g1 (7 2 cos ") (2 2 cos n)
= — — 2c0s —

10 — 2 cos p )(5—2cos$>
3 [

2 9 2 2 2
1 U2 ( 9) U%n—] (\/; U%n—1(1) U%n—l(ﬁ) U%nfl

ITn pn—1 n
n 5 %n
([ 4> !

-5 (/513)
(- T\ ()

by
6

x [<ﬁ+ﬁ)
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and

Cl Em+1).5m+1)
p(n+1)

D () () o
T(Cmo™?

1 e 27j
T (™) = — |:6—2cos——2 s——zcos—]]
pn i1 3
1 Pnl< 27j ‘271“_[1 (9 2cos T’) fn-1 (5 — 2cos 27”) gln_ll (4 2cos 27”)
177 (7-2¢ 7) ; 3
pn g /o (7 — 2cos E—) j=1 (9 — 2cos 27”) j=1 ( — 2cos 2’”)
2
gn-1 (6 — 2cos 2,7”11’) (7 — 2cos %) fn-l (2 2cos 2’”) ( — 2cos 2’”)
X 6 6
=1 (9 — 2cos zp”n’ (4 — 2cos 2,%) =1 (5 2 cos 2’”) ( — 2cos 2’”)
6 6
942 2 542 2 442
1, 7+2 U‘Z’n—l( T) U%n—l( T) ”gnq( 7 )
pn P71 4 U2 ( M) U2 ( 942\ 112
fn—1 1) 7% 5
U
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=
=
+
S
A
|
=
SNS———
i
=
|
—
L
[ =
S
N e
+
m
S——
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+
S
—
—
|
NS
S—
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=

and so

(C 4(n+1) p(n+l)
p(n+1)

g = V2 ()

5 p
i+ 4> (V2+1)°
then
1 pn—1 2T
T (Cp"") = — |:6 —2c0s 7 _2c0s ™ — 2 cos 71]]
pn o pn
=1
1 Pzl 2\ (6 2cos 2’”) -1 (2 — 2cos %—”ﬂj)
= — 8 —2cos — 2 4
12 T |

-
I\
—~
co
|
N
(=)
o
wv
ors| Y
Y |
\_/
-
Il
-
—
[e)}
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2 642 2 242
1, [8+2 Um(\/ )U4n1(\/7)
" pn P! 4 2 /s+2 2 (642
Upn 1 Upn 1 4
2
1, ( 5) Uy (ﬁ) Up,_, (D)
- 7n pn—1 5 2 5 2
g U, (V3) U (V2
B, Py 2 )
pn 5 3\°’ 5 \/E 2 (\/» En Bn
= 242 —J= 2+1) (f— 1) :
42 ( 2 2) + 2 2 + +
and so
p p
T (C;(,n4_irl1;tl),2(n+1)) - A\’ :
lim =(J2+./2 (fz+1) .
n—oo T (C;nzn %n) 2 2
()If £ =3, =2, then
1 Pt 27j 27j
T (G ") = on [6 — 2cos pin] — 2cos TJ - 2cosnj]
j=1
1 Pzt 2 -1 (6—2cos 2”])
= — <9 — 2cos —) S~ 3%/
pn g ./ i3 <9—2cos 2j”>
3
Ppn_1 _ 27j ) Bp—q _ 2nj — 2rj
2n 5—2cos5*) s 2—2c0s 5 9—2cos 5
X an 6" 6"
=1 (9 — 2cos %) =1 (5 — 2cos %) (6 — 2cos Zg”;)
2 642 172 542 72 242 112 942
_ 1 U2 942 U%n—] < T) U%n—] ( T) Ugn—l ( T) U%’n—l ( T)
~ pn Pl 4 )2 912 )2 912 (2 5+2) 12 612
%n—] 4 %n—l 4 %n—l 4 %n—l 4
2 2 7 2 /11
_ l 5 11 U%nfl (ﬁ) U%nfl (\/;) Ug (1) Upn 1( 4
~ pn P 4 2 1) 2 1) 2 7\ 12 ( )
Ugn 1 4 U%n—] 4 U%n—] 4 En—1 V2
b IRk
_pn [11 +/7 N 11 \/7 :
T 62 4 4 4 4
% 7 %n 2 % %n 2
[ e o [T
and
r(ct IGERVRAURRY)

p(n+1)
lim

() () oo

From the asymptotic numbers of T (C;"™"), we see easily that in the graphs ;"™ satisfying £,
asymptotic value attains its maximum when £ =6, 2 = 4.

(I The case T (C,;"™ "), where £, £, & € {2, 3, 4 6).

p

d

P ¢ {2,3,4,6) the
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1 Pl 27j T T
(C”’"C"d“):p—n [8—2cosn]—2cosj—2c052]—2cos3]}
j=1

(12 — 2cos %)
5N
(8 — 2cos 2’”)

2n

v\/

B”ﬂ) j=1 (6 2cos i’”
6 12
-1 (8 — 2.cos @>

1 ( 27j En—1 (6—2cos Zgln) fn= (2—2cos 25
= 8 —2cos —) 6
pn i ] 27j

)
St
=
|
—~
=
N
[F
N
~
e
3 =)
-
—~
)
=[F
N
~

[
s N
=
|
I
N
(o]
.u‘+ IS
[\)
N—
[
BTN
=
|
I
N
~
A‘ﬁ
[\)
N—"

B
|
-
rouny

=)
NSNS N
=
|
L
/N
M%y ﬁy
N—"
c

N—"
=
EN=2 8 ENG=2 )
=
|
—_
|~

ors

X
/e
NN
+
N
~——
ors
=
+
S
NN
|
N
~——
ors
=
| =
—_ N
[ ]
S

—~
S N
N
v +
—

2 era
;"u SN—
= =

_|_
S
N w»y
Sl
N W
) S—
ors
=
_l’_
—_
[N

and therefore

241, 5 (n+1). 5 (n+1)
6 3
T (Cp<n+l>

+
—
N}
|
—
N—
o
=
_

pn—1 . .
T (Cl,bn,cn,dn) — l |: 27” T
pn

i
8 —2cos — — 2cos — —ZCOS—J — 2cosmj
pn 3 2

_ « En—1 _ 2”]) Pn—1 ( _ ﬂ)
3 lpn 1(9_2@5 271]) 6 (6 2 cos ? 3 12 — 2 cos 7,
pn ;4 pn I_I 11211 (9-2cos37)
3

— 2cos 2’”)

Hn

)(
)(5—2cos 2’”)
(

12

1903



1904

M. Li et al. / Discrete Mathematics 338 (2015) 1883-1906

2 7 2 7
_ 1U2 11 Upn 1(ﬁ> U n 1( E) U4n 1( Z)
~ pn Pl 4

G 5 (/0)
e 05 () 9 ) B ()

o (V3)
IR IR i

A (] 0" (-)
U ) Ty

NI

S

3
| I
)

T 1LEm+1),5

g(n+1), p(n+1)>
p(n+1) / 2
n—o00 T <C;,;§n’zn’j )
(m)If} =6,2 =35 =2 then

1 pn—1
T (Cpln,bn,cn,dn) —_ |:

i .
8—2cos£ —2co ]
pn

2mj ,
S— —2C0S—— — 2COSTj
i1 3 3
1 Pt 27j 5n=1 (8 — 2 cos 2—”j) §1=1(2 — 2 cos 2lj)
= — 10 — 2cos —
pn ]l;[ ( pn) ]1_1[ (10—2c052’”)

i1 (8 —2cos 2’”)

2 842 2 242
1, [10+2\ Ysns (VT> UEH( *)
pn Pl 4

e ) e ()

UZ 5 U2 (1)
1 Bn—
B Ean_l(ﬁ) 2 ( 2)

En—1

Us, :(f) U3, ](\@
5[0 (8-

E(+1).5(m+1). 5 (n+1)
6
T CP(nH)

T<q3,;g”’%”'%) ) <\f \f> (v3+2)

1 pn—1
T (Cgﬁbn,cn,dn) —

oo 11

implying that

1] [(Beva) "+ (vi-va) ']

j 2mj
8 —2c0os — — 2cos — — 2c0s — — 2cosmj
pn 2

1 ot 27j En—1 (8—2cosz’”) En
= — 1_[ (11 —2cos>
pn o
j=1

71:[ ( —2c052’”>
=1 (11—2co %) j=1 ( — 2cos %)
3 2




M. Li et al. / Discrete Mathematics 338 (2015) 1883-1906 1905

En—1 (6 —2cos 27”) (11 2 cos 2”;) En—1 (5 2 cos 2’”)

[

=1 (8—2c05%’> (9—2c0522ln) j=1 (9—2c052’”)

6

12

2 —2cos ?) (9 2 cos 21

(-2
(

6 —2cos 24

12"

N—"
/N
w
I
)
a
o
w
N
2
~ v

=

—_
(38
|
-
—
—_
—_
A~
[\S]
Ss———
=)
wiT N
=
|
-
/N
oo
o
)
~— i
()
NS N
=
L
YounS
©
=[F
[\S)
—
=)
orN oo
=
|
P un
)
I+
N
N—"
=)
=
=
|
-
—
»F
¥
—

[
wis N
=
|
~
"“‘I
N
~
[
NS N
=
|
—~
.b‘;‘
N
N—
(=

=
|
-
S
|
—_

=
AT N
=
|
|
w
m
(38
~— | —
c
S
=
L
Vaun auN
[\S)
.u‘+
[\S)
S~
c
Q=
=
L
|
©
=¥
[\S)
~—

c
SR
(=2}
=[F
N
N—"
c
b

£
i

c N
= N~—
L

/~

N—"
c

=

|

T
/N

N RS

=) c
= =

| |

DR
N TN
i j=3| RS v
SN— | N——

3
|
-
roun e
F-R

c
Wi N
=
|
L
/N
v
N—

c

c
EN=1 )
=
|
-
—~
N&\.y N
SNS~—
c
S =
= wis N
1 :
—~ -
&’ YounS
»= m
~— ~
[
;"U S =
= L
L
~~
-
N

c

ENG-1 )
T

N
S

IS
N—

[

SN
=

R
VN
NS
N—"

c

S

=

|

N
—

N

N——"

and

r(ct (n+1),§(n+1),g(n+1)>

o
) () () () ot
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