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the A-cospectral graphs H(12; 6, 1, 5) and H(12; 8, 2, 2), no two non-isomorphic graphs
of the form H(n; q, nq, ny) are A-cospectral. It is proved that all graphs H(n; q, ny, n,) are
determined by their L-spectra. And all graphs H(n; q, ny, n,) are proved to be determined
by their Q-spectra, except for graphs H(2a+4; a+3, 3, 5 +1) with a being a positive even
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A-spectrum number and H(2b; b, 3, 3) with b > 4 being an even number. Moreover, the Q-cospectral
L-spectrum graphs with these two exceptions are given.
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1. Introduction

Let G = (V(G), E(G)) be a graph with vertex set V(G) = {v1, vy, ..., vy} and edge set E(G), where vy, vy, ..., v, are
indexed in the non-increasing order of degrees. All graphs considered here are simple and undirected. Let matrix A(G) be
the (0, 1)-adjacency matrix of G and d; = d;(G) = d¢(v;) the degree of the vertex v;. The matrix L(G) = D(G) — A(G) is
called the Laplacian matrix of G, where D(G) is the n x n diagonal matrix with {dq, d», ..., d,} as diagonal entries. The
matrix Q(G) = D(G) + A(G) is called the signless Laplacian matrix of G. The polynomials Pay(A) = det(Al — A(G)),
Pi) () = det(ul — L(G)) and Py (1) = det(ul — Q(G)), where I is the identity matrix, are defined as the characteristic
polynomials of the graph G with respect to the adjacency matrix, the Laplacian matrix and the signless Laplacian matrix,
respectively, which can be written as Pagy(A) = A" + ;A" ' + -+ + ay, Proy(w) = lopu" + Lhp" '+ - + I, and
Py(v) = qov" + qiv*! + .- + g,. Since matrices A(G), L(G) and Q(G) are real and symmetric, their eigenvalues are
all real numbers. Assume that A; > Ay > -+ > Ap, 4y > g > --- > pupand vy > vy, > --- > v, are respectively
the adjacency eigenvalues, the Laplacian eigenvalues and the signless Laplacian eigenvalues of graph G. The A-spectrum (or
L-spectrum, Q -spectrum) of the graph G consists of the adjacency eigenvalues (or Laplacian eigenvalues, signless Laplacian
eigenvalues). Two graphs G and H are said to be A-cospectral (or L-cospectral, Q-cospectral) if they have equal A-spectrum
(or L-spectrum, Q -spectrum) [1]. A graph is said to be determined by the A-spectrum (or L-spectrum, Q -spectrum) if there
is no other non-isomorphic graph with the same A-spectrum (or L-spectrum, Q -spectrum).

Characterizing the graphs that are determined by their spectra seems to be a difficult problem in the theory of graph
spectra. Up until now, many graphs have been proved to be determined by their spectra. The readers can consult [11,16,20,
19,23,24,26,25].
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Fig. 1. Graph H(n; q, ny, ny).
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Fig. 2. The A-cospectral graphs H(8; 4, 2,2) and G'.

In this paper, we will characterize the graph H(n; q, nq, n;) (shown in Fig. 1) by its spectra, which contains a cycle C; and
two hanging paths P, and P,, attached at the same vertex of the cycle. Note that if we append a pendant vertex of a path Py
to a cycle Cy, it is just the lollipop graph L(q, k) [2,11]. In [11], the lollipop graph with g odd is proved to be determined by
its A-spectrum, and all lollipop graphs are proved to be determined by their L-spectra. Also the lollipop graphs with an even
cycle are proved to be determined by their A-spectra (Tayfeh-Rezaie [private communication] did the lollipop graphs with
a cycle of length at least 6, and Boulet and Jouve [2] did the general case). Whether all graphs H(n; q, ny, n,) are determined
by their A-spectra? Unfortunately, the answer is negative. By Godsil-McKay switching [10], graph G’ which is A-cospectral
to graph H(8; 4, 2, 2) is found out (see Fig. 2), and A-cospectral graphs H(12; 6, 1, 5) and H(12; 8, 2, 2) are also found out
in Theorem 3.4. In Section 5, A-cospectral graphs H(n; 2a + 6, a, a + 2) and A(a, a, 2a + 2) with a being a positive even
number and A-cospectral graphs H(n; 2b, b, b) and @ (b — 2, 2b — 3, b — 1) with b > 4 being a positive even number are
found out in Lemmas 5.8 and 5.11, respectively.

This paper is organized as follows. In Section 2, some available lemmas are summarized. In Section 3, it is proved
that except for the A-cospectral graphs H(12; 6, 1,5) and H(12; 8, 2, 2), no two non-isomorphic graphs of the form
H(n; q, ny, ny) are A-cospectral. In Section 4, H(n; g, n1, ny) is proved to be determined by its L-spectrum. In Section 5,
it is proved that all graphs H(n; q, nq, n,) are determined by their Q -spectra, except for graphs H(2a + 4; a + 3, % % +1)
with a being a positive even number and H(2b; b, % g) with b > 4 being an even number.

2. Preliminaries

Some previously established results about the spectrum are summarized in this section. They will play important roles
throughout the paper.

Lemma 2.1 ([5]). Let u be a vertex of G, N(u) be the set of all vertices adjacent to u and C(u) be the set of all cycles containing
u. The characteristic polynomial of G satisfies

Pacy(A) = APac-uy() = Y Pageu-n®) =2 Y Pacvizy®)-
veN(u) ZeC(u)

Some results of [ 18,23] are summarized in the following lemma.

Lemma 2.2. Let G be a graph. For the adjacency matrix and the Laplacian matrix, the following can be deduced from the spectrum:

(i) The number of vertices.
(ii) The number of edges.
(iii) Whether G is regular.
(iv) Whether G is regular with any fixed girth.
For the adjacency matrix, the following follows from the spectrum.

(v) The number of closed walk of any length.
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Fig.3. GraphsH;fori=1,2,...,5.
(vi) Whether G is bipartite.
For the Laplacian matrix, the following follows from the spectrum.
(vii) The number of components.

(viii) The number of spanning trees.
(ix) The sum of the squares of degrees of vertices.

Lemma 2.3 ([6]). Let G be a graph with n vertices and m edges, and ng(Cy) is the number of subgraph Cy. Let x;, be the number
of vertices of degree k in G. Then we have

k(k—1)
Z AY = 8ng(Cy) + ’Z ko +4Y M

k>2

Lemma 2.4 ([19]). Let G be a graph and N (i) the number of closed walks of length i in G, then

NG(S) = 3071(;(1(3) + 10n(;(C5) + ]OHG(L(3, 1)),
NG(7) = 12611(;(1(3) + 841’[(;([,(3, 1)) + 14nG(H1) + 14n(;(L(3, 2)) + ]41’[(;([,(5, 1)) + 28nG(H2)
+42n¢(H3) + 28nc(Ha) + 112n¢(Hs) + 70n6(Cs) + 14nc(Cy),

where L(q, k) is the lollipop graph, and graphs H; fori =1, 2, ..., 5 are shown in Fig. 3.

Lemma 2.5 ([18]). Let G be a graph with n vertices and m edges and let deg(G) = (d4, d>, . . ., d,) be its non-increasing degree
sequence. Then the first four coefficients in Py, (1) are

1 n
10:], l1:—2m, 12:2m2—m—52d,2,
i=1
1 n n n
b=y (—4m3 +6m* +3mYy & - & -3 &+ 6nc(C3)> .
i=1 i=1 i=1
Lemma 2.6 ([14,17]). Let G be a graph with V(G) # ¥ and E(G) # . Then

di(d; +my) + d;(d; + my)
di+d

d1+1§m§max{ ,UinGE(G)},

where m; denotes the average of the degrees of the vertices adjacent to vertex v; in G.
Lemma 2.7 ([15]). Let G be a connected graph with n > 3 vertices. Then w, > ds.

Lemma 2.8 ([7,21]). Let G be a graph with n vertices, m edges, ng(C3) triangles and deg(G) = (dy,d>, ..., dy). Let Ty =
> vk, (k=0,1,2,...) be the kth spectral moment for the Q-spectrum. Then

i=1"i"°

n n n n
To=n  Ty=)» d=2m T,=2m+Y d, T;=6ncC)+3) d?+) d.
i=1 -

i=1 i=1 i=1
From Lemma 2.8, we can easily get the following result.

Lemma 2.9. If H is a graph Q-cospectral to G, then

(i) G and H have the same number of vertices.
(ii) G and H have the same number of edges.
(iii) Y1y di(G)? = 2L, di(H)™.
(iv) 6n6(C3) + XL, di(G)* = 6ny (C3) + 2L, di(H)*.
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3. A-spectral characterization of graphs H (n; q, nq, ny)

First, we will prove that the two graphs in Fig. 2 and their complements are A-cospectral, respectively.

Theorem 3.1. The graph H(8; 4, 2, 2) and the graph G’ given in Fig. 2 are A-cospectral. The same is true for their complements.

Proof. Consider the four black vertices H(8; 4, 2, 2) in Fig. 2. For each black vertex v, delete the edges between v and the
white neighbors, and insert edges between v and the other white vertices. It is easily checked that this operation transforms
H(8; 4, 2, 2) into G'. Godsil and McKay (see [10], this operation is called Godsil-McKay switching) have shown that this
operation leaves the A-spectrum of the graph and its complement unchanged. O

Itis clear that H(8; 4, 2, 2) and G’ are non-isomorphic. So H(8; 4, 2, 2) is not determined by its A-spectrum. Since also the
complements of H(8; 4, 2, 2) and G’ are A-cospectral, it also follows that H(8; 4, 2, 2) is not determined by the spectra of all
its generalized adjacency matrices, where a generalized adjacency matrix (see [10]) is just a linear combination of matrices
A, I and J (the all-ones matrix).

Corollary 3.2. Graph H(8; 4, 2, 2) is not determined by the spectra of all its generalized adjacency matrices.

In the following, we show that except for the A-cospectral graphs H(12;6, 1,5) and H(12; 8, 2, 2), no two non-
isomorphic graphs of the form H(n; g, ny, ny) are A-cospectral. Indeed, A-cospectral graphs H(12; 6, 1, 5) and H(12; 8, 2, 2)
can be figured out by the proof of Theorem 3.4 (see Case 8), and by Maple, they both have the adjacency characteristic
polynomial: A2 — 12010 4 5148 — 9618 4 80A% — 2442,

For the sake of simplicity and with a slight abuse of notation, let Iy = H(n;t + 1, s, k) and we denote Psp,) (1) by

Pn = Pap,)(A). By convention, let pp = 1, p—y = 0 and p_, = —1. Using Lemma 2.1, with u being the vertex of degree 4 in
I'1, we can compute the characteristic polynomial of I'j in terms of the characteristic polynomials of paths as follows
Pacry) (M) = ApsprDr — PtPs—1Pk — PePsPi—1 — 2Pt—1DPsPk — 2DsDk- (3.1)

The next lemma follows from (3.1) and p;(2) =r + 1.

Lemma 3.3. Py, (2) = —2skt — 2sk — st — kt —s — k.
Note that by Lemma 2.1, we have p, = Ap,_1 — pr_». Solving this recurrence equation, we find that forr > —2,

x2r+2 -1

pr= 2 (3.2)

where x satisfies X> — Ax + 1 = 0 with A = 2. Substituting (3.2) in (3.1), by using Maple, we can obtain
X" — 1)°Pary (M) + 1 — 3x% — x°™6 4 324 = f (s, k, t; x), (3.3)
()
wheren =s+k+t+ 1and
Fs, k, t;x) = oxIHT  gx2kA x5 th _ oyid3 G202 (20HA | opt4342s |y o i5Hs | op 4342k | o 4542k

+X25+4+2k + x2$+6+2k + 2X2$+4+2t + 2X4+2k+2t + 2xt+5+25+2k _ 2Xt+7+2$+2k

Theorem 3.4. Except for the graphs H(12; 6, 1, 5) and H(12; 8, 2, 2), no two non-isomorphic graphs of the form H(n; t+1, s, k)
are A-cospectral.

Proof. Suppose that H(n; t + 1, s, k) and H(n'; t' 4+ 1, s, k") are A-cospectral, then they have the same number of vertices,
we have

t+s+k+1=t'+sd+kK+1=n=n'. (3.4)
By Lemma 3.3,

2skt + 2sk + st +kt +s+k =25'K't' + 25K + st +Kt' +5 + K, (3.5)
and by (3.3),

fs, k, t;%) =f(, K, t';%). (3.6)

Without loss of generality, we can assume s < k and s’ < k’. Now enumerate the different possibilities for the monomial of
smallest degree of f (s, k, t; x) (the same can be done for f(s', k', t’; x)):

o2t ift+1<2s+4,

— 2%t ift +1> 2s+4ands # k,

—4x5T ift+1>2s+4ands =k,

— 2% ift+1=2s+4andt+ 3 > 2k + 4 (thatiss = k),

— 23 ift+1=2s+4andt+3 < 2k+ 4 (thatisk > s+ 1),
— 43 ift+1=2s+4andt+3=2k+4 (thatisk=s+ 1).

(3.7)
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Therefore, by exchanging the roles of f (s, k, t; x) and f (s', k', t’; x) and by (3.6), it suffices to consider the following cases:
Case 1. 2x'1 = 2x"+1 (the hypotheses are t + 1 < 2s +4andt' + 1 < 2s' + 4). Thent = t'. By (3.4) and (3.5), we obtain
thats +k = s + k and sk = s'k’, which leadstos = kand s’ = k' ors = k' and s’ = k.

Case 2. —2x*+4 = —2x*'*4 (the hypotheses are t + 1 > 25+ 4, s # kandt' +1 > 25 4+ 4, s’ # k). Thens = . Let
k' = k — i with i an integer. By (3.4), s = s’ implies that t’ = t + i. Suppose i # 0. Expressing s’, k' and t’ by s, k, t and i in
(3.5), we get (2s + 1)(k — t — i) = s + 1. This is a contradiction, sinces + 1 < 2s + 1.Theni = 0,i.e,k =K and t = t'.

Case 3. —2x*T4 = —2x?+4 (the hypotheses aret + 1 > 2s+ 4, s # kand t' + 1 = 25’ + 4, s’ = k). Then s = k'. Using
the similar computation as in Case 2, we obtain that s’ = k and t = t’. This means that t + 1 = 2s + 4, a contradiction to
t+1>2s44.

Case 4. —2x*4 = —2x!'+3 (the hypothesesare t + 1> 2s+4, s # kandt' +1=25 +4, kK > s + 1).Thent’ = 2s + 1.
In this case,t’ + 1 =25 +4andt’ = 2s + 1imply thats’ = s — 1. Thens > 2, since s’ > 1. Substitute t' = 2s + 1 and
s'=s—lintof(s', K, t’; x), we transform f (s, k', t’; x) into

FGS K, s x) = —2x55+ — KA At | At A6 | stk

_ X25+4+2k’ + 2x25+6+2k’ + 2x85+4 + 2X4S+4+2k/. (3.8)
Now, the different possibilities for the monomial of second smallest degree of f (s', k', t’; x) are

o — 22K ifoK 4+ 4 < 45+ 2,
o — 22 ifok +4>4s+2,
o —4x™t? if2k +4=4s+2.

and the different possibilities for the monomial of second smallest degree of f (s, k, t; x) are

o — 22Xt ifok+4 <t 41,
o 2x' if2k+4>t+1,
o — 2% if2k+4=1t+1.

Then consider the following subcases:

Case 4.1. —2x2K+4 = x4 (the hypotheses are t+1 > 2k+4 > 2s+4,andt'+1 = 25’44, k' > s'+1, 2k +4 < 4s+2).
Then k = K. Using the similar computation as in Case 2, we obtain that s = s’ and t = t’. This means thatt + 1 =25+ 4, a
contradictionto t + 1 > 2s + 4.

Case 4.2. —2x2K+4 = —2x*3 (the hypotheses are t +1 = 2k+4 > 2s+4,andt'+1 =25 +4, k' > s'+1, 2k'+4 < 45+2).
Thent =2k’ +1=2k+3andt' = 2s' + 3 = 25+ 1,thatisk' = k+ 1and s = s’ + 1. Together with (3.4), we get t = t'.
Thent 4+ 1= 2s+ 2 < 2s 4 4, a contradictionto t + 1 > 2s + 4.

Case 4.3. —2x**2 = —2x*+4 (the hypothesesare t+1 > 2k+4 > 2s+4,andt'+1 =25 +4, k' > s +1, 2K +4 > 4s+2).
Thenk =2s—1andt’ = 2s+1 = 25’ + 3, thatiss = s’ + 1. Together with (3.4), we get t = k’ + 1. Substitute s, k = 2s — 1,
t=k+1,5 =s— 1,k andt’ = 2s+ 1into (3.5) and by simplifying, we get k' = 6s + 8 + & Since k' is a positive integer,
s =2, 3, 5or9. Then we get the following four cases:

s=2,k=3,t =29, s=3,k=5,t =31,
s =1,k =28t =5. s =2,Kk=30,t=7.
s=5k=9,t =41, s=9,k=17,t = 64,
s =4,k =40,t = 11. s =8,k =63,t =19.

Substitute them back into f(s, k, t;x) and f(s', k', t’; x), respectively, and by simple computation, we always get
f(s, k, t;x) #f(s', K, t'; x), contradictions.

Case 4.4. —2x®+%2 = —2x'*3 (the hypothesesare t +1 = 2k+4 > 2s+4,and t' +1 = 25'+4, k' > s +1, 2k +4 > 45+ 2).
Thent =4s—1=2k+3andt' =25’ +3 = 2s+ 1,thatisk = 2s —2and s’ = s — 1. Then by (3.4), we get that k' = 4s — 3.
Substitutes,k = 2s—2,t = 4s—1,s’ =s—1,k' = 4s—3andt’ = 2s+1into (3.5) and by simplifying, we get s> —3s+2 = 0.
Thens = 2, sinces > 2.Sos = k = 2, a contradiction to s < k.

Case 5. —4x*T* = —4x*** (the hypotheses are t +1 > 2544, s =kandt'+ 1> 25’ +4, s = k').Thens =s' = k = k.
Together with (3.4), we obtain that t = t.

Case 6. —4x*t4 = —4x"+3 (the hypotheses are t + 1 > 2s + 4, s = kandt' + 1 = 25 + 4, K = s + 1). Then
t' =2s+1=2s +3,thatisk =s = s’ + 1 = k. Using the similar computation as in Case 2, we obtain that s = §’, which
is a contradictiontos = s’ + 1.
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Case 7. —2x2k+4 = _2x2+4 (the hypotheses are t + 1 = 2s +4, s = kandt + 1 = 25 + 4, s = k). Then
k=k=s=s=t=t.
Case 8. —2x**+4 = _2x"+3 (the hypotheses are t + 1 = 2s + 4, s = kandt' + 1 = 25 + 4, K > s + 1). Then

t' =2k+1=2+3=2s+1andt = 2s + 3 = 2k + 3, thatiss’ = k — 1. Then by (3.4), we get that k¥ = k + 3.
Substitutes = k,t =2k + 3,5’ =k —1,t' = 2k + 1and k' = k + 3 into (3.5), we obtain that k> — k — 2 = 0, thatis k = 2.
Thens =2, k=2,t =7ands’ = 1,k = 5, t' = 5. Substitute them back into f (s, k, t; x) and f (', k', t’; x), and by simple
computation, we get

s,k t;x) =f(s, K, t/;x) = —2x® — 2x10 4 x12 — 3x14 4 3x16 — x18 4 220 4 2x%2.
Then graphs H(12; 6, 1, 5) and H(12; 8, 2, 2) are A-cospectral.
Case 9. —2x+3 = —2x!"+3 (the hypotheses are t + 1 =2s+4, k > s+ landt' + 1 =25 +4, k > s + 1).Thent = ¢’
and s = s/, together with (3.4), we obtain that k = k'.
Case 10. —4x'+t3 = —4x!'+3 (the hypothesesaret + 1 =25+ 4, k=s+ landt'+ 1 =25 +4, kK =5 + 1).Thent = '
and s = §/, together with (3.4), we obtain that k = k'.

Therefore, except for the graphs H(12; 6, 1,5) and H(12; 8, 2, 2), graphs H(n; t + 1,s,k) and H(n; t' + 1,5, k") are
isomorphic. This completes the proof of Theorem 3.4. O

Proposition 3.5. Graphs H(12; 6, 1, 5) and H(12; 8, 2, 2) are A-cospectral.

Remark 3.1. In this section, we have shown that graphs H(12; 6, 1,5) and H(12; 8, 2, 2), which both are of the form
H(n; q, ny, ny), are A-cospectral. This case is very special. Later, in Section 5, A-cospectral graphs H(n; 2a + 6, a, a + 2)
and A(a, a, 2a + 2) with a being a positive even number and A-cospectral graphs H(n; 2b, b, b)and ®(b—2,2b—3,b— 1)
with b > 4 being a positive even number are found out in Lemmas 5.8 and 5.11, respectively. Clearly, for the respective
A-cospectral mates, one is of the form H(n; g, nq, ny), the other not. Also the same phenomena occurs in Fig. 2. We
consider if there would be more graphs A-cospectral with the graph of the form H(n; g, ny, ny). So characterizing the graph
H(n; q, ny, ny) by its A-spectrum is more complicated than the lollipop graph.

4. L-spectral characterization of graphs H (n; q, n,, n;)

From the previous section, we saw that it is very difficult to prove that graph H(n; q, ny, ny) is determined by its
A-spectrum. But, here we can prove that it is determined by its L-spectrum. Before this, we give some useful lemmas.

Lemma 4.1. Let G be a connected unicyclic graph with n vertices and its cycle C,. If G’ is L-cospectral to G, then G’ must be a
connected unicyclic graph with n vertices and one cycle C;. Moreover,

S @ = S de).
i=1 i=1

Proof. By Lemma 2.2, G’ is a connected graph with n vertices and n edges. So, G’ is a unicyclic graph which contains a g-cycle,
where q is the number of spanning tree of G’ (given by the Laplacian spectrum, Lemma 2.2). As a consequence, G and G’ have
the same number of triangles and we can apply Lemma 2.5 and (ix) of Lemma 2.2, 1, d;(G)®* = Y"1, di(G)3. O

Here, we use the symbol @ to denote a forest. It is the union of components each of which is a tree. We use the
symbol p(®) to denote the product of the numbers of vertices in the components of @. In [1], the following result can be
found.

Lemma 4.2. The coefficients I; of the polynomial P (1t) are given by the formula

—Dh=)_p@) A<i<mn,

where the summation is over all sub-forests @ of G which have i edges.

Theorem 4.3. No two non-isomorphic graphs of the form H(n; q, ny, ny) are L-cospectral.

Proof. Suppose H(n; q', n}, ny) is L-cospectral to H(n; g, ny, n;). By Lemma 4.1, ¢ = q. Then, ny + n; = n} + n). In the
following, we use Lemma 4.2 to prove that H(n; g, n}, n}) and H(n; g, ny, ny) are isomorphic. We consider the coefficients
ln—z and I _, of Py((n:q.nq,ny)) () and PL(H(n;q,n’l,n’z)) (w) respectively.

For I,,_,, by Lemma 4.2, we get

np—1 np—1

D" Pha=q) @+m+dm—)+qy @+m+dm—D)+) p@®), (4.1)
i i=0

i=0
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where @ is over all sub-forests of H(n; q, ny, np) with n — 2 edges obtained by deleting two edges both from C;.

ni—1 ni—1 ni—1 n—1
D @+mtim—i =Y (@+mn+ Y (m—qg-m)i—y
i=0 i=0 i=1 i=0
nn—1 1
= (q+n)ni + (n; —q — nz)% - gm(n] -1D@2n—1)
USRS BTSN FEUNE S 1 42)
= —qn —nyn —n —nn —qn; — =ny. .
2q1221612]2 2‘]161
Similarly,
S @m0 = = 2an+ I+ 2n2 4+ mmy - Lgny — ] (43)
ny +i)(ny, —i) = —qn —nn —n —nn —qny — —=Ny. .
i:oq 1 2 2q2212 622]2 ZQ2 62

Then substituting (4.2) and (4.3) into (4.1), we have
1 1 1 1
)", = 1— - 24— R [ - ).
(D"l q(( q)n1n2+2q(m+nz) +6(n1+nz) 1395 (n1 + ny) +§ p(®)

Similarly, for I _,, we have
n—2y ! 1 / /N\2 1 / /\3 ] 1 / / ’
(_1) ln_z = (1 - Q)nlnz + 5‘](”1 + nz) + g(nl + nz) + Eq - 6 (nl + nz) + ZP(‘p ),

where @’ is over all sub-forests of H(n; q, n}, n}) with n — 2 edges obtained by deleting two edges both from C;.

Since ny + ny = n} + n,, we have ) p(®) = > p(®’). Then l,_, = I'_, implies that nyn, = n’nj. Together with
ny + ny = n) + nj, we get that n; = nf and n, = n}, or n; = n), and n, = n). Therefore, H(n; q’, n’;, n}) and H(n; q, ny, nz)
are isomorphic. O

In the following, we will prove that graph H(n; g, ny, ny) is determined by its L-spectrum. Before proceeding, we need
to recall a few facts from the theory of nonnegative matrices; our basic references are Chapter XIII of Gantmacher [9]
and [3,12]. Briefly, a matrix M is said to be nonnegative if M > 0 for all i and j. A matrix is reducible if and only if it can be
placed into block upper-triangular form by simultaneous row/column permutations. A square matrix that is not reducible is
said to be irreducible. If M is a matrix, denote by |M| the matrix obtained by replacing each entry of M by its absolute value.
Denote by p(|M]) the spectral radius of |M|. If M is irreducible and X is an eigenvalue of M, then |A| < p(|M]), with equality
ifand only if M = e N|M|N~!, where |[N| = I. For an irreducible nonnegative matrix M, p(M) < the maximum row sum
with equality if and only it all row sums are equal.

Now, let L,(H(n; q, nq, ny)) be the principal submatrix of L(H(n; q, nq, np)) formed by deleting the row and column
corresponding to the largest degree vertex u. Here, L, (H (n; q, ny, ny)) is reducible and contains negative entries. So, consider
|Ly,(H(n; q, nq, np))|, which is nonnegative. Although |L, (H(n; g, n1, ny))| is reducible, it contains three irreducible principal
submatrices. And their spectral radii are all strictly less than 4, by using the above statements. Therefore, together with
eigenvalue interlacing, we have the following lemma.

Lemma 4.4. The second largest Laplacian eigenvalue of graph H(n; q, ny, ny) is strictly less than 4.

Theorem 4.5. Graph H(n; q, nq, ny) is determined by its L-spectrum.

Proof. Let G = H(n; q, nq, ny). Suppose G’ is L-cospectral to G. By Lemma 4.1, G’ is a connected unicyclic graph with n
vertices, n edges and cycle C,. Suppose that G’ has xj’- vertices of degree j, forj = 1, 2, ..., A, where A is the largest degree of
G'.By Lemma 2.6,5 < 1(G) = u1(G) <5+ %.Then, A = dq(G') < 4. Lemmas 2.7 and 4.4 imply d»(G') < u(L(G)) < 4,
i.e., d2(G) < 3.So, G’ has at most one vertex of degree greater than 3. Therefore, (i), (ii) and (ix) of Lemma 2.2 imply the
following equations:

X;+x,+x+1=n,
X) 42X, +3x5 + A = 2n, (4.4)
X, +4x, + 9x; + A7 =2+ 4(n — 3) + 4%,

By solving the Egs. (4.4), we have

;3 1,5 . P , 3 1,
x1_5A—5A, X,=n—3—4A+ A", x3_§A—5A + 2. (4.5)
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1 2 K -1 K
Fig. 4. Graph = Gsf+1>r/+1 U Py .

Lemma 4.1 implies that
A X P 4x 2 +x P =42+ n-3)-2°+2- 1%, (4.6)
Substitute (4.5) into (4.6), we have
3 3 1 2 3 2 3 5 1 2 3 3 3 3
A4(Za-5a +2)-3F+(n-3-44+4%.2°+ SA—54 B=4A24rm-3)-224+2-13. @7

By simplifying (4.7), we get (A — 4)(A? — 2A + 3) = 0.Then A = 4, since A is a positive integer. Then by (4.5), we
havex; = 0, x, = n — 3, x; = 2.So0, G is the graph H(n; q, n}, n}) (say). By Theorem 4.3, H(n; q, ny, n) is isomorphic to
H(n; q,n},ny). O

For a graph, its Laplacian eigenvalues determine the eigenvalues of its complement [13], so the complements of all the
graphs H(n; q, nq, ny) are determined by their L-spectra.

5. Q-spectral characterization of graphs H(n; q, ny, n,)

Let G, ¢ be the graph consisting of two cycles C,» and Cy with just one vertex in common [25]. G| J H stands for the
disjoint union of graphs G and H. Let I, = Gyy1.¢41|J Py withn’ = s + t' + k' + 1 vertices, shown in Fig. 4. Clearly, if
n’ = n, then graphs It = H(n; t + 1,5, k) and I, = Gy.41.v4+1 J P have the same degree sequence. In the following, we
prove that Iy and I cannot be A-cospectral with each other.

First, we calculate the characteristic polynomial of I, by using the analogous method to I';. By Lemma 2.1, with u being
the vertex of degree 4 in I';, we can compute the characteristic polynomial of I3 in terms of the characteristic polynomials
of paths as follows

Pacry)(A) = pr (Apspr — 2PsPr—1 — 2Dy —1Py — 2Py — 2pv'). (5.1)
Substituting (3.2) in (5.1), by using Maple, we can obtain
X (2 = 1)%Pary () + 1= 3x% — X2 H8 4 3274 — g (s, ¢/, K'; %), (5.2)
wheren’ =s" +t' + k' + 1and
g(sl, t/, k'; X) = 2Xt’+1 + 2Xs’+1 +X2k’+2 _ 2Xt’+3 _ 2Xs’+3 _ xzs’+2 _ X2+2t’ _ X4+2:’ _ x4+2$’
32K 4 2K 43+t + oK A5+ ot 43428 + oxt +5+25 + 2K +5+s" _ o' +3+2t

J / / ’ / / / / / / J / / !
4+2%° +5+2t" X6+25 +2t" 2 2k’ 43+ + X2k +64-2s + XZk +44-2s + sz +44-2t + X2k +64-2t

X
4-+2s"+2t/ 2K +7+5 +2t' 2k +5+s'+2t" 2k +5+t'+2s 2K +7+t'+25'
—+ 3x — 2x + 2x + 2x — 2x

The following proposition follows from (5.1) and p,(2) = r + 1.
Proposition 5.1. Py (2) = —2K's't’ — 2k's’ — 2k't’ — 25't" —2(K' + s +t' + 1).

Lemma 5.2. There is no graph It = H(n; t + 1, s, k) being A-cospectral with I’y = Gy 11,041 | Pr-

Proof. Suppose that I'T1 = H(n; t + 1, s, k) and I, = Gy41.¢4+1 | Pw are A-cospectral, then they have the same number of
vertices, that is,

t+s+k+1=4+t/+kKk+1=n=n'. (5.3)
By (3.3) and (5.2), we get

fls.k ;%) =g(s', ', K %). (54)
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Without loss of generality, we can assume s < kand t’ < s’. Now enumerate the different possibilities for the monomial
of smallest degree of g(s', t/, k’; x) are

o 2x' 1 ift' +1 <2k +2andt #5,
o dx' ! ift' +1 <2k +2andt =5,
o3t ift' +1=2K +2andt #5,
o5x' T ift' +1=2K +2andt =5,
o T2 if 41> 2K +2.

And the different possibilities for the monomial of smallest degree of f (s, k, t; x) are the same as (3.7). Therefore, by (5.4),
we only need to consider the case 2x'*! = 2x*1. Then t = t'. We define

Fl(s, k, %) = F(5, k, £ X) — 2x0HT 4 2x0F3 1 x20H2 | 204
and

g K x) = g(s, t, K x) — 2% - 2x 3 202 x4
For f'(s, k, t; x), the different possibilities for the monomial of smallest degree are

2s5+4

o — 2x ifs <k,

2s5+4

o — 4x ifs =k.

Forg'(s', t’, k'; x), the different possibilities for the monomial of smallest degree are
o 21 ifs +1 < 2K 42,
o X H2 ifd 11> 2k +2,
o3 ifs +1=2k +2.
Clearly, there is no case such that the coefficients are the same, a contradiction. This completes the proof of Lemma5.2. O

For a graph G, let .£(G) be the line graph of G, and §(G) be the subdivision graph of G. Recall that a subdivision graph
4(G) is a graph obtained from G by replacing each edge of G by a path of length two [5]. Vertices of .£(G) are in one-to-
one correspondence with edges of G, and two vertices in J£(G) are adjacent if and only if the corresponding edges of G are
adjacent [5]. Note that the Q-spectrum of a graph can be exactly expressed by the A-spectrum of its line and subdivision
graphs [7,4,8], and the following results can be found in [7,4,25].

Lemma 5.3. If two graphs G and H are Q -cospectral, then their line graphs J£(G) and .£(H) are A-cospectral.

Lemma 5.4. Let G be a graph with n vertices, and $(G) its subdivision graph. Then graphs G and H are Q -cospectral if and only
if 4(G) and $(H) are A-cospectral.

Since the subdivision graph of H(n; q, ny, ny) is H(2n; 2q, 2ny, 2n;), Lemma 5.4 and Theorem 3.4 imply the following
result.

Lemma 5.5. No two non-isomorphic graphs of the form H(n; q, ny, ny) are Q-cospectral.

For the sake of simplicity, let G; = H(n, c + 6, a, b) with c being nonnegative even numbers and a, b positive even
numbers. Using Lemma 2.1, with u being the vertex of degree 4 in G, we can compute the characteristic polynomial of G,
in terms of the characteristic polynomials of paths as follows

PacG,)(A) = APaPpPc+5 — PetsPa—1Pb — Pe+5PaPb—1 — 2Dc+aPaPb — 2PaDb- (5.5)
Substituting (3.2) in (5.5), by using Maple, we can obtain
X' — 1)°Pa) (M) + 1 — 3 — 2" + 3¢ = fi(a, b, c; ), (5.6)

wheren =a+ b+ c + 6 and
f] (a, b, c: X) — 2XC+6 _ 2X2b+4 _ 2x2a+4 _ 2xC+8 _ XZC-HZ _ X2c+14 _ 2xc+8+2a + 2Xc+10+2a _ 2Xc+8+2b
+ 2Xc+10+2b + X2a+4+2b + XZa+6+2b + 2x2a+14+2€ + 2X14+2b+2€ + 2xc+10+2a+2b _ 2XC+12+2a+2b.

The next lemma follows from (5.5) and p,(2) =r + 1.

Lemma 5.6. P,)(2) = —2abc — 12ab — ac — bc — 6a — 6b.

Let G, = A(d, b, ¢’) be the graph shown in Fig. 5 with @, b’ and ¢’ being positive even numbers. Clearly, it is the
subdivision graph of G, with d(z,y) = %, d(u,v) = % and d(w,x) = 5 (shown in Fig. 10). Then, by Lemma 2.1, with
u being the vertex of degree 3 in G,, we can compute the characteristic polynomial of G, in terms of the characteristic
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Fig.5. Graph G, = A(d', b/, ¢').

polynomials of paths recursively as follows

PaGy) (A) = Apa (APy+2Dc/+2 — P1PyPe+2 — P1Py+2Pc’) — Pa—1(APy+2Pc'+2 — P1PyPe'+2 — P1Py'+2Dc’)
— Po APy +1Pc'+2 — PyPe+2 — P1Py+1Pc’) — Pa (APy'+2Dc’+1 — Py/+2Pc’ — P1Py'Pc'+1) — 2P Py P/
= A*PaPy+2Pc’+2 — AMD1PaPyPe'+2 — MD1PaPy+2De’ — APa'—1Py+2Pe'+2 + P1Da—1Py Per+2
+ P1Pa—1Py+2Pc — APaPy+1Pc/+2 + PPy Pe'+2 + P1Pa’ Py +1Pc’ — ADa' P/ +2Pc'+1
+ PPy +2Dc’ + P1Pa’ Py De'+1 — 2P’ Py D’ - (5.7)
Substituting (3.2) in (5.7), by using Maple, we can obtain

X" (2 — 13Pac,y (M) + 1 =32 — 2" £ 32" — (a1, ¢'; %), (5.8)
wheren' =d + b + ¢ + 6 and
f (a’, b, X) = _x2a’+4 _ x2b’+4 _ X2c’+4 + x2a’+6 + xzb’+6 + X26’+6 _ 2x2a’+8 _ 2x2b/+8 _ 2X2c’+8
+ 2x2a’+2b’+10 + 2X2a’+2c/+10 + 2X2b’+2c/+10 _ Xza/+2b’+12 _ Xza’+2c’+12

/ / ! / ! / / /
_ x2b +2c'+12 + X2a +2b'+14 + XZG +2c'+14 + X2b +2c ~H4.

By (5.7) and p;(2) = r + 1, we have the following lemma.

Lemma 5.7. Py, (2) = —2d'b'c’ — 4a'b’ — 4d'c’ — 4b'c’ — 6a’ — 6b" — 6¢'.
Lemma 5.8. Except for the A-cospectral graphs H(n; 2a+6, a, a+2) and A(a, a, 2a+2), thereis nograph G; = H(n; c+6, a, b)
being A-cospectral with G, = A(d', b/, ).
Proof. Suppose that G; and G, are A-cospectral, then they have the same number of vertices, that is,

a+b+c+6=d+b+c+6=n=n". (5.9)
By Lemmas 5.6 and 5.7, we have

— 2abc — 12ab — ac — bc — 6a — 6b = —2d'b'c’ — 4d'b’ — 4d'c’ — 4b'c’ — 64’ — 6b" — 6¢’. (5.10)
Then Egs. (5.6) and (5.8) imply that

fia, b, c;x) =fo(d, b, s x). (5.11)

Without loss of generality, we can assume a < b. Now enumerate the different possibilities for the monomial of smallest
degree of fi(a, b, c; x):

¢ 2x 5 ifc+6 < 2a+4,

o —2x*" ifc4+6>2a+4anda+#b,

— 4"t ifc+6>2a+4anda=b,

—2x"** ifc+6=2a+4andc+ 8 > 2b + 4 (thatisa = b),
—2x*% ifc+6=2a+4andc+8 < 2b+4 (thatish > a+ 1),
—4x*% ifc+6=2a+4andc+ 8 =2b+4(thatish=a+ 1).

(5.12)

Similarly, without loss of generality, we can assume @’ < b’ < c¢’. Now enumerate the different possibilities for the
monomial of smallest degree of f,(d’, b’, ¢’; x):
o — X ifd <,
o —2X T ifd =b <,
o — 3% ifd =b =
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'b”—3

by —1 b — 2

Fig.6. Graph G; = @ (a’,b",c").

Then by (5.11), it suffices to consider the following cases:

Case 1. —2x%T4 = —2x>¥+4 (the hypotheses are c + 6 > 2a+4, a #bandd = b’ < ¢/).Thend = b’ = a. By (5.9), we
have ¢’ = b + ¢ — a.Substitute @ = aand b’ = ainto f,(a’, b’, ¢’; x), then

/ / / /
fz(a/, b/, C,; X) — _2X2a+4 _ XZC +4 4 2X2a+6 4 XZC +6 _ 4X2a+8 _ ZXZC +8 4 2X4a+10 4 4X2(1+2C +10

’ ’
_ X4a+12 _ 2X2¢1+2L‘ +12 + X4a+14 4 2X2(1+2L‘ +14.

Since ¢’ > aand ¢/, a are both positive even numbers, clearly ¢’ > a + 1. Thus 2¢’ + 4 > 2a + 6. Then the second smallest
term of f(a’, b, ¢’; x) is 2x?%*5. And the different possibilities for the second smallest term of f; (a, b, c; x) are

o —2x*+% if2b+4 < ¢ +6,
e 2xt% if2b+4>c+6, (5.13)
o —2x* if2b+4=c+6.

So(5.11) implies that 2x°*% = 2x>*6 thenc = 2aand ¢’ = b+ ¢ — a = a + b. Substituting a, b,c = 2a,d’ = a,b’ = a and
¢’ = a+ binto (5.10), we have b = a + 2. Clearly,

fila,b,c;x) = fo(d', b, c; x)
= 20t 4 9y20H6 _ 2048 _ yAa+8 | 3y4a+10 _ gydatl2 | ydatld y gu6at14 5 60416 | o) 6a+18

Thus, graphs H(n; 2a + 6, a, a + 2) and A(a, a, 2a + 2) are A-cospectral.

Case 2. —2x?0+4 = —2x27+4 (the hypotheses arec + 6 = 2a+4, a = bandd = b’ < ¢/).Thena = b = a = b’ and
¢ = 2a— 2.By(5.9), we have ¢’ = ¢ = 2a — 2. Substitutinga,b =a,c = 2a—2,d = a,b' = aand ¢’ = 2a — 2 into (5.10),
we have a®> — 3 = 0, which is a contradiction to the fact that a is a positive even number.

Case 3. —2x°t8 = —2x20+4 (the hypothesesarec +6 =2a+4, b>a+ landd = b < ¢/).Thend = b’ = a + 1, which
are contradictions to the fact that a, a’ and b’ are positive even numbers.

Therefore, except for the A-cospectral graphs H(n; 2a + 6, a,a + 2) and A(a, a, 2a + 2), there is no graph G; =
H(n; ¢ + 6, a, b) being A-cospectral with G, = A(d’, b/, ¢’). This completes the proof of Lemma 5.8. O

Lemmas 5.4 and 5.8 imply the following result, since H(4a + 8; 2a+6, a, a+ 2) is the subdivision graph of H(2a +4; a+
3,3, 5 + 1 and G = A(a, a, 2a + 2) is the subdivision graph of G, with d(z,y) = 7,d(u,v) = § and d(w,x) = a+ 1
(shown in Fig. 10).

Lemma 5.9. Except for the graph H2a + 4; a + 3, % % ~+ 1) with a being a positive even number, there is no graph of the form
H(n; q, ny, ny) being Q-cospectral with graph G,. And graph H(2a + 4; a + 3, % % + 1) is Q-cospectral with graph G, with

d(z,y) = 5,d(u,v) = andd(w,x) =a+ 1.

Let G3 = ®(a”, b”, ¢”) be the graph shown in Fig. 6 with b” > 3 and ¢” > 3 being odd numbers, and a” a positive even
number. Clearly, it is the subdivision graph of G, with ¢’ = 1/’27+3 d(u,v) = C”Z_l andd(x,y) = ”7” (shown in Fig. 10). Then,
by Lemma 2.1, with u being the vertex of degree 3 in G3, we can compute the characteristic polynomial of G5 in terms of the
characteristic polynomials of paths recursively as follows

Pa@s) (M) = Per (Apar (APyr+4 — 2P1Py+2 — 2P3) — Par—1(APyr+4 — 2P1Pyr+2 — 2P7)
— 2pgr (APp'43 — Py 42 — P1Pb7+1 — 2P1) — 2Pa" Py — 2P1Da”)
= A*parPyr 44D — 2AP1Pa Py 42D — 2ADIParPer — APa'—1Py 44D
+2p1Par— 1Py 42De” + 2D7Par—1Pe” — 2APa Py 43P + 2Pa Py 42Pe
+ 2p1Pa’ Py’ +1Pc" + 2P1Pa"Per — 2P Py Pe - (5.14)
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Substituting (3.2) in (5.14), by using Maple, we can obtain

X (% = 1)%Paey) (W) + 1= 382 — "0 4 32+ — £(a" b, ¢ x), (5.15)
wheren” = a” +b” 4+ ¢” 4+ 6 and
fid b, ¢y %) = 2Xb”+3 _ 2Xb”+7 _ 2X2b”+8 + x2b”+10 _ xzb”+12 _ Xza”+4 + X2a”+6 _ 2X2a”+8 + ch”+2
_ 3X2c”+4 _ 2Xb”+2a”+9 + 2Xb”+2a”+13 _ 2xb”+2c”+5 + 2xb”+2c”+9 + 3x2cr”+2b”+14
20" +2b"+16

20" +2c"4+6 _ 2d"+2c"+8 + 2x2a”+2c”+10 + 2X2b”+2c”+10

—X + X b

_ xzb”+2c”+12 + Xzb”+2c”+14 + 2x2a”+b”+2c”+11 _ 2x2a”+b”+2c”+15

By (5.14) and p,(2) = r 4+ 1, we have the following lemma.
Lemma 5.10. Py, (2) = —2a"b"c” — 2a"b” — 10a"c” — 4b"c” — 10a” — 4b" — 20c” — 20.
Lemma 5.11. Except for the A-cospectral graphs H(n; 2b, b, b) and ® (b — 2,2b — 3, b — 1), there is no graph Gy = H(n; ¢ +
6, a, b) being A-cospectral with G = ®(a’, b”, c").

Proof. Suppose that G; and G3 are A-cospectral, then they have the same number of vertices, that is,

a+b+c+6=ad"+b" +c"+6=n=n". (5.16)
By Lemmas 5.6 and 5.10, we have

— 2abc — 12ab — ac — bc — 6a — 6b = —2a"b"c” — 2d"b” — 10d"c” — 4b"¢” — 10a” — 4b” — 20c” — 20. (5.17)
Then Egs. (5.6) and (5.15) imply that

fita, b, c;x) = f3(a",b", c"; x). (5.18)
The different possibilities for the monomial of smallest degree of f;(a, b, c; x) are the same as (5.12) in Lemma 5.8. Now
enumerate the different possibilities for the monomial of smallest degree of f;(a”’, b”, ¢”; x):

e 2"+ ifb" +3 <2d" +4andb” +3 < 2¢" +2,

X" ifb +3=2d"4+4 <2 +2,

o3 ifb +3=2c"42<2d" +4,

o — Xt if2a" +4<b'+3and2d" 4+ 4 < 2¢” +2,

o2 if2a" +4=2"+2<b"+3 <2 +4,

o — 2% if2a" +4=2"+2<b"+3and2c” +4 < b’ +3,

o — 228 20" +4=2c"+2<b"+3=2c"+4,

e x*"*2 if2c" +2 < b’ +3and2c” +2 < 2d" + 4,

02X if2d" +4=b"4+3=2"+2.
Then by (5.18), it suffices to consider the following cases:
Case 1. 2x°t6 = 2xY"+3 (the hypotheses are c + 6 < 2a+4and b” + 3 < 2a” +4,b" +3 < 2¢” +2).Then b” = ¢ + 3. Now

the different possibilities for the monomial of second smallest degree of f; (a, b, c; x) are

— 2% if2a4+4<c+8anda#b,
— 4x°"t* if2a+4 <c+8anda=b,
—2X"8 if2a4+4>c+8, (5.19)
—4x*™ if2a+4=c+8anda#b,
—6x*** if2a+4=c+8anda=0bh.

And the different possibilities for the monomial of second smallest degree of f3(a”, b”, ¢”; x) are

o — 2" ifb" +7 <2d" +4and b’ +7 < 2¢” + 2,

o — 37 ifp +7=2d"+4 <2 +2,

o — X7 ifb +7=2c"+2<2d +4,

o — X2 if2q" +4 < b +7and2d’ +4 < 2" +2,
o — 27 if2d" +4=2c"+2 <V +7 <2 +4,
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o — 2%t if2d" +4=2c"4+2<b"+7and2c” +4 < b’ +7,
o — 44X if20" +4=2c"+2 <b' +7 =2 +4,
o2 *2 if2c" +2 < b’ +7and2¢” +2 < 2d" + 4,
o — 2" if2d" +4=b"4+7=2"+2.
Then by (5.18), we consider the following subcases:

Case 1.1. —2x20+4 = —2x"+7 (the hypothesesare 2a+ 4 < c + 8,a # bandb” +7 < 2a’ +4,b” +7 < 2¢” + 2). Then
2a+4=b"+7=c+ 10 > c + 8, a contradiction to 2a + 4 < ¢ + 8.

Case 1.2. —2x%*t4 = —2x""+7 (the hypotheses are 2a+4 < c+8,a # band 2a” +4 = 2¢" +2 < b” +7 < 2¢” + 4). Then
2a+4=b"+7=c+ 10 > c + 8, a contradiction to 2a + 4 < ¢ + 8.

Case 1.3. —2x20+4 = —2x2"+4 (the hypotheses are 2a+4 < c+8,a # band2a’ +4 = 2¢"+2 < b +7,2c" +4 < b" +7).
Then a = ¢”, which is a contradiction to the fact that a is a positive even number and c” is a positive odd number.

Case 1.4. —2x%¢+4 = —2xY"+7 (the hypotheses are 2a + 4 < ¢ +8,a # band2d’ +4 = b’ +7 = 2¢” + 2). Then
2a+4=b"4+7=c+ 10 > c + 8, a contradictionto2a + 4 < ¢ + 8.

Case 1.5. —4x24+4 = —4x2"+4 (the hypotheses are 2a + 4 < c +8,a = band2d” + 4 =2¢" +2 < b" +7 = 2¢” + 4).
Then a = ¢”, which is a contradiction to the fact that a is a positive even number and c” is a positive odd number.

Case 1.6. —2x°+8 = —2xY"+7 (the hypotheses are c +8 < 2a+4andb” +7 < 2a’ +4,b" +7 < 2¢” 4+ 2). Thenb” = c + 1,
which is a contradiction to b” = ¢ + 3.

Case 1.7. —2x“t8 = —2x!"*+7 (the hypotheses arec + 8 < 2a +4and2a” +4 = 2¢” +2 < ' +7 < 2¢” + 4). Then
b” = ¢ + 1, which is a contradiction to b” = ¢ + 3.

Case 1.8. —2x°t8 = —2x2"+4 (the hypotheses are c + 8 < 2a+4and2a’ +4=2c"+2 < b' +7,2¢"+4 < b’ + 7).
Thenc = 2¢” —4 = 2d" — 2,s0b” = ¢+ 3 = 2d” + 1.Since b” + 3, 2a” + 4 and b” + 7 are positive even numbers,
b" +3 < 2ad” + 4 < b’ 4+ 7 implies that 2a” + 4 = b” + 5, thatis b” = 2a” — 1, which is a contradiction to b” = 2a” + 1.

Case 1.9. —2x°+8 = —2x""+7 (the hypotheses are c + 8 < 2a+4and 2a” +4 = b" +7 = 2¢” +2). Then b” = ¢ + 1, which
is a contradiction to b” = ¢ + 3.

Case 1.10. —4x 8 = —4x"*4 (the hypotheses are 2a + 4 = c +8,a # band 2a”’ + 4 =2c" +2 < b’ +7 = 2¢” + 4).
Thenc + 8 = 2¢” + 4 = b” + 7 implies that b” = ¢ + 1, which is a contradiction to b” = ¢ + 3.

Case 2. 2x°+6 = 2x""+3 (the hypotheses are ¢ + 6 < 2a + 4and 2a” + 4 = 2¢” +2 < b” + 3 < 2¢” + 4). Indeed, 2¢” + 2,
b” + 3 and 2c¢” + 4 are positive even numbers, there does not exist b” + 3 such that 2c” + 2 < b” + 3 < 2¢” + 4, so the
hypotheses are not valid.

Case 3. 2x°T6 = 2x!"+3 (the hypotheses are ¢ + 6 < 2a + 4and 2a” + 4 = b” + 3 = 2¢” + 2). Then b’ = ¢ + 3. Now
the monomial of second smallest degree of f3(a”, b”, ¢”; x) is —2x*" ™4, and the different possibilities for the monomial of
second smallest degree of f;(a, b, c; x) are the same as (5.19). Then by (5.18), it suffices to consider the following subcases:

Case 3.1, —2x20+4 = —2x2"+4 (the hypotheses are2a + 4 < c + 8anda # b).Then2a +4=2c"+4=b"+5=c +38,
which is a contradiction to 2a + 4 < ¢ + 8.

Case 3.2. —2x°t8 = —2x%"*+4 (the hypothesis is 2a + 4 > ¢ + 8). Substituting 2a” = b’ — 1and 2¢” = b” + 1 into
f3(a’,b”, c”; x), we have
f3(a” b X) — 2xb”+3 _ 2Xb”+5 _ 4xb”+7 _ X2b”+6 _ 5X2b”+8
+5X2b”+10 + X2b”+12 + 4X3b”+1] + 2x3b/’+13 _ 2X3b”+15
Clearly, the monomial of third smallest degree of f3(a”, b”, ¢”; x) is —4x?"+7. By substituting ¢ = b” — 3 into f,(a, b, c; X),
we have
fi(a, b, c;x) = 2xb”+3 _ 2Xb”+5 — x2bt4 _ gy2ata x2b”+6 _ X2b”+8 _ 2Xb”+5+2a + 2Xb”+7+2a _ 2xb”+5+2b

+ 2Xb”+7+2b + x2a+4+2b + K2a+6+2b + 2X2¢1+8+2b” + 2X8+2b+2b” + 2xb”+7+2a+2b _ 2Xb”+9+2a+2b

Now the different possibilities for the monomial of third smallest degree of f;(a, b, c; x) are

o —2x** if2a+4 <2b +6anda#b,
o —4x*™ if2a+4 <2b" +6anda=bh,
o —x®'*% if2qa+4> 20 +6,

o —3x*** if2a+4=2b"+6anda#b,
e — 58 if2a+4=2b"+6anda=b.



2330 X. Liu et al. / Discrete Mathematics 311 (2011) 2317-2336

Then by (5.18), we have —4x?"+7 = —4x2+4 (the hypotheses are 2a+ 4 < 2b” +6anda = b). Thena = b = b//zj Clearly,

fi(a, b, c;x) = fy(a’, b", c"; x)
i 7/ 1/ 1/ 4 4
— X3 x5 gy T 246 52748y 52410

+x2b”+12 + 4X3b”+11 + 2X3b”+13 _ 2X3b”+15

Nowwehavea = b,b” = 2b—3,c = 2b—6,a” = b—2andc¢” = b—1.Thus, graphs H(n; 2b, b, b) and ® (b—2, 2b—3,b—1)
are A-cospectral, where b > 4 is a positive even number.

Case 4. —2x2+4 = —2x2"+4 (the hypotheses are c +6 > 2a+4,a # band 2a’ +4 =2¢" +2 < b’ +3,2¢" +4 < b’ + 3).
Then ¢” = a, which is a contradiction to the fact that ¢” is a positive odd number and a is a nonnegative even number.

Case 5. —2x%*t4 = —2x2*"+8 (the hypotheses are ¢ + 6 > 2a+4,a # band 2a” + 4 = 2¢” 42 < b” + 3 = 2¢” + 4). Then
a’=a—2,b"=2a—1andc¢” = a — 1.Substitutinga” = a —2,b” =2a— 1andc¢” = a — linto f3(a”, b”, c”’; x), we get

f?, (a//, bN, CN; X) — _2X2a+4 _ 2X20+G 4 x4a _ 3x4a+2 4 3x4a+8 _ X4a+10 + 2x6¢1+4 + 2X60+6.

Now the monomial of second smallest degree of f3(a”, b”, ¢”; x) is —2x?**6, The different possibilities for the monomial of
second smallest degree of f(a, b, c; x) is the same as (5.13) in Lemma 5.8. Then by (5.18), consider the following subcases:

Case 5.1. —2x?¢%6 = _2x?b*+4 (the hypothesis is 2b + 4 < ¢ + 6). Then b = a + 1, which is a contradiction to the fact that a
and b are positive even numbers.

Case 5.2. —2x%**6 = —2x°*8 (the hypothesis is 2b 4+ 4 = ¢ 4 6). Then a = b, a contradiction to a # b.

Case 6. —2x2b+4 = —2x2¢"+4 (the hypothesesare c +6 = 2a+4,a = band2a” +4 = 2¢" +2 < b +3,2¢"+4 < b’ +3).
Then ¢” = b, which is a contradiction to the fact that ¢” is a positive odd number and b is a positive even number.

Case 7. —2x*t4 = —2x27"+8 (the hypotheses are c + 6 = 2a+4,a = band 2a” + 4 = 2¢” + 2 < b” + 3 = 2¢” + 4). Then
wehaveb =a,c =2a—2,d" =a—-2,c"=a—-1,b"=2a—1.Buta+b+c=4a—-2#d" +b"+c" =4a—4a
contradiction to (5.16).
Case 8. —2x° 18 = —2x2"+4 (the hypotheses are c+6 = 2a+4,b > a+1and2a’+4 = 2¢"+2 < b"+3,2¢"+4 < b’ +3).
Then we have c = 2a — 2,¢” = a+ 1and a” = a. By (5.16), we have b’ = a + b — 3. Substitutingc = 2a — 2,¢" = a + 1,
a’=aandb” =a+b—3into(5.17), we havebh = a+ 4 + a% Then a = 2 and b = 14, since a and b are both positive
even numbers. So we havea = 2, b = 14,c = 2and a” = 2, b” = 13, ¢” = 3. Substitute them back into fi(a, b, c; x) and
fz(@”, b”, c”; x) respectively, and by simple computation, we get f;(a, b, c; X) # f3(a”, b”, ¢”; x), a contradiction.
Case 9. —2xt8 = —2x20"+8 (the hypotheses arec +6 = 2a+4,b > a+ land2a” + 4 = 2¢" +2 < b" + 3 = 2¢” + 4).
Then2a+4 =c+6 = 2d”" + 6 = 2¢” 4+ 4 implies that a = ¢”, which is a contradiction to the fact that ¢” is a positive odd
number and a is a positive even number.

Therefore, except for the A-cospectral graphs H(n; 2b, b, b) and ® (b — 2, 2b— 3, b— 1) with b > 4 being a positive even
number, there is no graph G; = H(n; ¢ + 6, a, b) being A-cospectral with G3 = ©(a”, b”, ¢”). This completes the proof of
Lemma5.11. O

Lemmas 5.4 and 5.11 imply the following result, since H(4b; 2b, b, b) is the subdivision graph of H(2b; b, 2, 2) and
Gs = ©(b —2,2b — 3,b — 1) is the subdivision graph of G, with ¢’ = b, d(u, v) = 2 — Tand d(x,y) = % — 1 (shown in
Fig. 10).

Lemma 5.12. Except for the graph H(2b; b, g %) with b > 4 being a positive even number, there is no graph of the form
H(n; g, ny, ny) being Q-cospectral with graph G,. The graph H(2b; b, g g) is Q-cospectral with graph G, with ¢ = b,
d(u,v) = g —landd(x,y) = g -1

In the following, we will prove that graphs H(n; q, nq, n,), except for graphs H(2a + 4; a + 3, % % + 1) with a being
a positive even number and H(2b; b, g, g) with b > 4 being a positive even number, are determined by their Q-spectra.
Before this, we give some useful lemmas.

Lemma 5.13. Let G = H(n; q, ny, ny). Then A, (8(G)) < 2.

Proof. Let u be the vertex of degree 4 in G. By the interlacing theorem for the A-spectrum, we obtain that
12(86) = 1 (B6) = w) = 11 (Pag-1 | Pamy [ Pons ) < 2.

since the largest eigenvalue for the A-spectrum of a path isless than2. O

Lemma 5.14. Let G = H(n; q, ny, ny). If a graph H with deg(H) = (4, 2"3, 1) is Q-cospectral to G, then H does not contain
cycles as its components.
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Fig. 7. Smith graphs Wy, Sy, S; and Ss.

Proof. §(H) is A-cospectral to §(G), since H is Q-cospectral to G. By Lemma 5.13, A,(8§(H)) = X*(8(G)) < 2. By
contradiction, we assume that H = H' (] C. Then §(H) = §(H") | Cai. Note that 11 ($(H)) = A1($(G)) > 2, since G is a
proper subgraph of 8(G) and A1(Cyq) = 2. Then A1(8(H)) = A1(8(H’)) > 2 and A, (8(H)) = max{r,($(H")), 11(Co)} = 2,
a contradiction. 0O

Recall that a connected graph which satisfies A; = 2 is called a Smith graph (see [22]). These graphs are a cycle C,
(n =3, 4,...),and the graphs depicted in Fig. 7 (k denotes the length of the corresponding path in Wy, for k = 0 the graph
reduces to Wy = Kj 4).

Lemma 5.15. Let G = H(n; q, ny, ny). Ifagraph H is Q -cospectral to G, then H does not contain an induced subgraph isomorphic
to the disjoint union of two cycles.

Proof. §(H) is A-cospectral to §(G), since H is Q -cospectral to G. By Lemma 5.13, 1, (8 (H)) = A,(8(G)) < 2.Itimplies that
4(H) has no induced subgraph isomorphic to the disjoint union of two cycles, since the largest eigenvalue for the A-spectrum
of a cycle is 2. Therefore, graph H has no induced subgraph isomorphic to the disjoint union of two cycles. O

Similarly, we get the following lemma, since the subdivision graph of K 3 is S.

Lemma 5.16. Let G = H(n; q, ny, ny). Ifagraph H is Q-cospectral to G, then H does not contain an induced subgraph isomorphic
to the disjoint union of a cycle and Kj 3.

Theorem 5.17. Let G = H(n; q, n1, ny). Then graph G is determined by its Q -spectrum, except for graphs H(2a+4; a+3, % % +

1) with a being a positive even number and H(2b; b, 2 353 ) with b > 4 being an even number.

Proof. Suppose that graphs G’ and G are Q -cospectral. Then Lemma 2.9 implies that G’ has n vertices, n edges and Z?:1 di2 =
>, d?, where d;, d. are degrees of vertices v;, v/ in H(n; ¢, ny, np) and G/, respectively. Suppose that G has x; vertices of

degree j, forj =10, 1, ..., A, where A is the maximum degree of G". Then
A
> x=n, (5.20)
=0
A
> _Jxj=2n, (5.21)
=0
A
> X =16+4(n—3)+2. (5.22)
=0
Therefore
A
> -3i+2x =6, (5.23)
=0
ie,
A
2x) + 2%y + 6, + 12x; + Y (7 — 3j+ 2)x] = 6. (5.24)
j=6
Eq. (5.24) implies that
Case 1.x5 = 3,x; =X, = --- = x,, = 0.By (5.20) and (5.21), we have x; = —6 < 0, x, = n + 3 > n, a contradiction.
Case2.xy =2,x; =1,x, = --- =X, = 0. By (5.20) and (5.21), we have x; = —3 < 0, X, = n, a contradiction.
Case3.xy = 1,x; =2,x, = --- =/, = 0. By (5.20) and (5.21), we have x; = 0, x, = n — 3. By (iv) of Lemma 2.9, we have

6nG(Cs) + > di(G)’ = 6ng/(C3) + Y di(G)’
i=1 i=1

Then ng (C3) = ng(G3) + 2.
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Fig.9. Graphs G = H(n; 3,ny,n;) and G'.
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Fig. 10. Graphs G, G, G; and G.

Case 3.1. n¢(C3) = 1. Then ne (C3) = 3. Together with deg(G') = (3%, 2" 3, 0'), there always exists an induced subgraph
isomorphic to the disjoint union of two cycles, a contradiction to Lemma 5.15.

Case 3.2.ng(Cs3) = 0. Then ny (C3) = 2. By Lemmas 5.15 and 5.16, the only possible case of G’ is shown in Fig. 8. But it needs
Gtobe H(5; 3, 1, 1) (shown in Fig. 8), a contradiction to ng(Cs) = 0.

Case4.x, =0,x; = 3,x, = --- =/, = 0.By(5.20) and (5.21), we have x; = 3, x, = n — 6. By (iv) of Lemma 2.9, we have
n n
6n6(C3) + ) _ di(G)’ = 6ng(C3) + ) _ di(G)’.
i=1 i=1

Then n¢ (C3) = ng(C3) + 1. Together with deg(G') = (33, 2"78, 13), consider the following subcases.

Case 4.1. n¢(C3) = 1. Then ng(C3) = 2. By Lemmas 5.15 and 5.16, the only case of G’ is shown in Fig. 9. Note that for the
Q-spectrum the multiplicity of 0 gives the number of bipartite components [7]. Then there is an eigenvalue 0 in the
Q-spectrum of G, but there is no eigenvalue 0 in the Q -spectrum of G. Clearly, G and G’ are not Q -cospectral, a contradiction.

Case 4.2.ng(C3) = 0,i.e, G = H(n; q, nq, np) with ¢ > 4. Then ny (C3) = 1. By Lemmas 5.15 and 5.16, the possible cases of
G’ are shown in Fig. 10. Let d(w, y) be the distance (the length of a shortest path) between two vertices w and y. Consider
the following subcases.

Case 4.2.1. For graph G}, if d(w, y) > 2, then there always exists an induced subgraph isomorphic to the disjoint union of a
cycle Cs and Smith graph S; in $(G)), a contradiction to A, ($(G)) = A2 ($(G))) < 2.

Ifd(w,y) = 1,d(y,z) > 3andd(u,v) > 2,ord(w,y) = 1,d(y,x) > 3 and d(u, v) > 2, then there always exists
an induced subgraph isomorphic to the disjoint union of Smith graphs S, and S3 in 8(G)), a contradiction to 1,($(G)) =
A2 (8(G))) < 2.



X. Liu et al. / Discrete Mathematics 311 (2011) 2317-2336 2333

ey
® N

Fig. 11. Graphs G ; and G| ,.

Ifd(w,y) = 1,d(y,x) > 2,d(y,z) > 2,and d(u, v) > 2, then there always exists an induced subgraph isomorphic to the
disjoint union of two Smith graphs S, in 4(G}), a contradiction to A5(8(G)) = A2($(G))) < 2.
Then the two possible forms of G are shown in Fig. 11.

Case 4.2.1.1. For graph G/Ll, Lemma 5.3 implies that line graphs £(G) and DC(G/M) are A-cospectral. In the following, we use
Lemma 2.4 to compute the number of closed walks of length 5 in .£(G) and DC(G/H), respectively.
For graph £(G),

380, since ne) (K3) = 4, Ne)(G) =2 and nge)(L(3, 1)) = 24,
ifq=4, ny, np > 2,

350, since ne) (K3) = 4, Ne)(G) =2 and nge (L3, 1)) = 21,
ifq=4, ny=1,0orn, =1,

320, since noc(c)(K3) =4, noc(c)(C5) =2 and n£(6>(L(3, 1)) =18,
ifg=4, ni=n, =1,

370, since NeG) (Kg) =4, NeG) (Cs) =1 and NeG) (L(3, 1)) = 24,
ifq=>5, ny, ny > 2,

340, since ng) (K3) = 4, ne(G) =1 and nge (LG, 1)) = 21,
ifgq=5,n,=1,0rn, =1,

310, since ng) (K3) = 4, ne(G) =1 and nge (L3, 1)) =18,
ifq=5,n=n, =1,

360, since ne) (K3) =4, e (G) =0 and nge)(L(3, 1)) = 24,
ifg>6, ny, np > 2,

330, since ne)(K3) = 4, Ne)(G) =0 and nge(L(3, 1)) = 21,
ifq>6, ny=1,0orn, =1,

300, since ni(G)(K3) = 4, noc(c)(C5) =0 and n£(6>(L(3, 1)) = 18,
ifqg>6, ny=n, =1.

Ny (5) =

For graph £(G ,),

290, since ni(G)(K3) = 4, nug(c)(C5) =1 and ngc((;)(L(3, 1)) = 16,
ifd(y, z), d(y,x) > 2,
N (5) _ 280, since ni(c)(K3) = 4, ni(G)(Cs) =1 and neg((;)(L(3, 1)) = 15,
LG ifd(y,z) =1,ord(y,x) =1,
270, since ne) (K3) = 4, ne(G) =1 and nge (L3, 1)) = 14,
ifdly,z) =d@y,x) = 1.

Clearly, N4 (5) # Nx(c’] B (5), a contradiction to (v) of Lemma 2.2.

Case 4.2.1.2. For graph G ,, use the same method as in Case 4.2.1.1, we have

290, since nog((;)(Kg) =4, n£(G)(C5) =1 and n,C(G)(L(By 1)) = 16,
ifd(u,v), d@y, z) > 2,
N, (5) _ 280, since noc(c)(Kg) =4, nx(G)(Cs) =1 and ngc(c)(L(3, 1)) =15,
LGP = ifd(u,v) =1,ord(y,z) =1,
270, since Tli(c)(K3) =4, ni(c)(Cs) =1 and nug((;)(l,(3, 1)) = 14,
ifdu,v) =d(y,z) = 1.
Clearly, N4 (5) # N,c(c’l ) (5), a contradiction to (v) of Lemma 2.2.
Case 4.2.2. For graph G,, Lemma 5.9 implies that graph H(2a + 4;a + 3, 3, 5 + 1) is Q-cospectral with graph G, with
d(z,y) = % d(u,v) = % and d(w, x) = a + 1, where a is a positive even number.
Case 4.2.3. For graph G, if d(y, z) > 2,d(w,y) > 2 and ¢’ > 5, then there always exists an induced subgraph isomorphic to
the disjoint union of a cycle Cs and a Smith graph S; in $(G}), a contradiction to A5 ($(G)) = A2($(G})) < 2.
Ifd(y,z) = 1,d(x,y) > 1and ¢ > 7, then there always exists an induced subgraph isomorphic to the disjoint union of
two Smith graphs S, and S3 in 4(G}), a contradiction to A, (8(G)) = A2(8(G3)) < 2.
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Fig. 12. GraphsG; ,Gj, and Gj 5.

Ifd(y,z) = 1,d(x,y) > 2and q > 6, then there always exists an induced subgraph isomorphic to the disjoint union of
two Smith graphs S, in 8(G}), a contradiction to 1,($(G)) = A,($(G})) < 2.
Then the three possible forms of G} are shown in Fig. 12.

Case 4.2.3.1. For graph G; ;, Lemma 5.3 implies that line graphs £(G) and x(c;,l) are A-cospectral. By Lemma 2.3, we have
> Ai(L(Gy 1)) = Y 1i(L(G))*. For graph £(G),

6n+ 110, ifq=4, ny, np > 2,
6n+ 102, ifgq=4, ny=1,0orn, =1,
) 4 6n + 94, lfq:4, n=n; =1,
Z)”(“C(G)) T )6n+102, ifqg>5, ny, ny >2,
' 6n+94, ifg>5 n =10rn, =1,
6n+86, ifg>5 n=n=1.

By computing ), A;i(L(G} 1))*, we get

6n+98, ifd(u,v)>2, dx,y) > 2,

‘ ;w4 J6n+102, ifd(u,v) =1, dx,y) > 2,
QMG =1 6n L oa, ifd(uv) > 2. d(xy) = 1.
i 6n+98, ifdu,v)=1, dx,y)=1.

Then consider the following equality cases:
Case 4.2.3.1.1.6n + 102: H(n; 4, ny, ny) withn; = 1,orn, = 1and G’3’1 withd(u, v) = 1and d(x,y) > 2. By Lemma 2.4,
N,c<c’3 1)(5) = 330 # N Hmn;4,n,,np))(5) = 350, a contradiction to (v) of Lemma 2.2.

Case 4.2.3.1.2. 6n + 102: H(n; q, ny, ny) withq > 5and ny, n, > 2 and c;;,l with d(u, v) = 1and d(x,y) > 2. Now,
Ney )(5) = 330 # Nems.ng.ng)) (5) = 370, and

NL(G/S,I)(5) =330 # NI(H(n:q.n1,n2))(5) =360, withq > 6,

contradictions to (v) of Lemma 2.2.

Case 4.2.3.1.3.6n 4+ 94: H(n; 4, ny, np) withn; = n, = 1and G§,1 with d(u, v) > 2 and d(x, y) = 1. Now, the number of
vertices of H(n; 4, ny, ny) with n; = n; = 1is 6, but there are at least 9 vertices in G; ; with d(u, v) > 2and d(x,y) = 1,a
contradiction.

Case 4.2.3.1.4. 6n + 94: H(n; q, n1, n;) withqg > 5andny; = 1,orn, = 1and GgJ with d(u, v) > 2 and d(x,y) = 1. By
Lemma 2.4, NI(G/M)(5) = 320 # N #Hn:5,n,.ny))(5) = 340, and

Ne, (5) = 320 # N n (5) = 330, withq = 6,

contradictions to (v) of Lemma 2.2.

Case 4.2.3.2. For graph G} ,, Lemma 5.3 implies that line graphs £(G) and DC(G/3_,2) are A-cospectral. Similarly to Case 4.2.3.1,
we compute Y_; A;(£(G} ,))*. Then

6n+90, ifd(u,v)>2, dx,y) > 2,

4 ;w4 J6n4+94, ifdu,v) =1, dx,y) > 2,

D MLE D =16 L 86 ifd(u ) > 2. dxy) = 1
' 6n+90, ifdw,v)=1, dx,y) =1.
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Then consider the following equality cases:

Case 4.2.3.2.1. 6n + 94: H(n; 4, ny, np) withn;y = n, = 1and G;’z with d(u, v) = 1and d(x,y) > 2. Now, the number of
vertices of H(n; 4, nq, npy) with ny = n, = 11is 6, but there are at least 10 vertices in G/3,2 with d(u, v) = Tand d(x,y) > 2,
a contradiction.

Case 4.2.3.2.2. 6n +94: H(n; q, ny, np) withq > 5and ny = lorn, = 1and G;, withd(u,v) = 1, d(x,y) > 2. By
Lemma 2.4, NBC(G/}])(S) = 310 75 N£(H(n;5,n1,n2)) (5) = 340, and '

N*’C(Géz)(s) = 310 ;é N£(H(n;q,n1,n2))(5) = 330, With q Z 6,

contradictions to (v) of Lemma 2.2.
Case 4.2.3.2.3. 6n + 86: H(n; g, ny, ny) withq > 5and ny = n, = 1and G}, withd(u, v) > 2, d(x,y) = 1.Lemma 2.4
implies that NI(G )(5) = 300 # N #Hn:5,n,,np))(5) = 310, a contradiction to( ) of Lemma 2.2.

For H(n; q, ny, nz) with ¢ > 6 and n; = n, = 1, we use Lemma 2.4 to compute the number of closed walks of length 7
in £L(H(n; q, nq, ny)), then

3248, ifq=6,
Ne(7) = 13234, ifq=7,
3220, ifq > 8.

And the number of closed walks of length 7 in £(G,3,2) is N £(c, 2)(7) = 3234. Clearly, the unique equality case is graphs
H(n; 7,n,ny) withn; = n, = 1and Gg,z with d(u, v) > 2 and d(x, y) = 1. Now, the number of vertices of H(n; 7, ny, n)
with n; = n, = 1is 9, but there are at least 10 vertices of G , with d(u, v) > 2 and d(x, y) = 1, a contradiction.

Case 4.2.3.3. For graph G} 3 Lemma 5.3 implies that line graphs «£(G) and «£(G} ;) are A-cospectral. Then by Lemma 2.4, we
have N£(G/ )(5) = 290, since LA (K3) = 4, ”‘,C(ng)(cs) = land ”x(c§_3)(’~(3» 1)) = 16. Clearly, N£(G/3’3)(5) # Ne@) (5),
a contradlctlon to (v) of Lemma 2.2.

Case 4.2.4. For graph G, Lemma 5.12 implies that graph H(2b; b, 2 > 2) is Q-cospectral with graph G,, with ¢ = b,
d(u,v) = > —landd(x,y) = = — 1, where b > 4 is an even number.

Case 5.x, = 1,x0 =xy=--= xA = 0.By (5.20) and (5.21), we have x; = 2, X, = n — 3. Then deg(G') = (4,2"3, 1?). By
Lemma 5.14, G’ contains no cycles as its components. Then G’ is the form of either I'; or G.

Case 5.1. G’ is the form of I, consider their subdivision graphs &8 (H(n; q, n{, ny)) and §(I3). Lemma 5.4 implies that
8 (H(n; q, ny, ny)) and $(I3) are A-cospectral. But by Lemma 5.2, §(H(n; q, nq, np)) and $(I3) cannot be A-cospectral, a
contradiction.

Case 5.2. G is the form of G. Suppose that G = H(n; ¢, n}, n,). Lemma 5.4 implies that §(H(n; q, nq, ny)) and
$(H(n; q', n'}, n))) are A-cospectral. By Lemma 5.5, $(H(n; q, ny, ny)) and $(H(n; ¢/, n’], n’z)) are isomorphic.
Therefore, H(n; q, nl, nz) and G’ are isomorphic, except for graphs H(2a+4; a+ 3, ¢ 53 + 1) with a being a positive even

number and H(2b; b, L 353 ) with b > 4 being an even number. This completes the proof ofTheorem 5.17. O
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