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Let T(G) be the number of spanning trees in graph G. In this note, we explore the
asymptotics of T(G) when G is a circulant graph with given jumps.

The circulant graph C;'*>"% js the 2k-regular graph with n vertices labeled
0,1,2,...,n — 1, where node i has the 2k neighbors i + s1,i + s,,...,1 £ sy where

all the operations are (mod n). We give a closed formula for the asymptotic limit

limy_ oo T(C3*2 %) a5 a function of sq, 55, . . ., Sy. We then extend this by permitting
some of the jumps to be linear functions of n, i.e., letting s;, d; and e; be arbitrary integers,
and examining

lim T
n—oo

( 5152005k LT I+en L J+ea Lf}'lJ+61>'l'
n .
While this limit does not usually exist, we show that there is some p such thatfor0 < q < p,
there exists ¢, such that limit (1) restricted to only n congruent to ¢ modulo p does exist
and is equal to c;. We also give a closed formula for ¢g.

One further consequence of our derivation is that if s; go to infinity (in any arbitrary
order), then

. . 1
lim lim T(CJVs2)u
51,52 5+20»Sk—> 00 1—>00

1 1 1 k
= 4exp / / / In Zsinznxi dxqdxy - - - dxg | .
0 0 0 i=1

Interestingly, this value is the same as the asymptotic number of spanning trees in the k-
dimensional square lattice recently obtained by Garcia, Noy and Tejel.
© 2009 Elsevier B.V. All rights reserved.

1. Introduction

Throughout this paper, we permit graphs (digraphs) to contain multiple edges (arcs) and self-loops unless otherwise
specified. Let G and D denote a graph and a digraph, respectively. A spanning tree in G is a tree having the same vertex set as
G. An oriented spanning tree in D is a rooted tree with the same vertex set as D, i.e., there is a specified root node and paths
from it to every vertex of D. The study of the number of spanning trees in a graph has a long history. Evaluating this number is
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C1.2n+1

Fig. 1. 4 circulant graphs. (b) and (d) are C,; s forn = 1, 2.(a) and (c) are C;,;'jr? forn =2, 3.

not only interesting from a combinatorial perspective but also arises in practical applications, e.g., analyzing the reliability of
a network in the presence of line faults, designing electrical circuits etc. [8]. Given the adjacency matrix of G (or D), Kirchoff’s
matrix tree theorem [12] gives a closed formula for calculating the number of spanning trees. The real problem, then, is to
calculate the number of spanning trees of graphs in particular parameterized classes, as a function of the parameters. A well
studied class, which we will be further analyzing in this paper, is the circulant graphs.

We start by formally defining the graphs and the values to be counted. Let sq, s, . . ., Sk be positive integers. The circulant
graph with n vertices and jumps s, S, . . ., Sk is defined by

CTSI],SZ ,,,,, Sk — (V, E)

where
n—1
V={0,1,2,...,n—1}, and E = U{(i,ij:s1), ({,iExs9),...,> A, 1E£s)}
i=0
where all of the additions are modulo n. That is, each node is connected to the nodes that are jumps +s; away from it, for
j=1,2,...,k!Similarly the directed circulant graph, C;""**""**, has the same vertex set, but
n—1

E=JlGi+s). Gits).....Gi+s0)
i=0

i.e, there is an edge directed from each i to the nodes s; ahead of it, forj = 1, 2, ..., k. Examples of four undirected circulant
graphs are given in Fig. 1.

We will use T (X) to denote the number of spanning trees in a directed or undirected graph X. It was shown in [17] that,
for directed circulant graphs,

-

l. T(C:ll?lz ,,,,, Sk) B
m 251,52,--05ky
n—o00 T(Cn )

5

where k is the degree of each vertex of E;ﬁzs" One might hope that similar asymptotic behavior, i.e., a limit dependent
only upon k but independent of the actual values of the s;, would also be true for undirected circulant graphs. Unfortunately,
as seen in the asymptotic (numerical) results presented in Table 1 of [ 18], this is not the case; the asymptotic limits do seem
somehow dependent on the s;.

We therefore, in that paper, posed “the analysis of the asymptotics as a function of the s;” as an open question. This paper
addresses that question.

The problem of calculating the asymptotic maximum number of spanning trees in a circulant graph with k jumps was
treated in [13], but their technique does not seem to permit analyzing the number of spanning trees for any given fixed
jumps. Asymptotic limits for grids and tori (which turn out to be equal) were obtained in [6,9]. More recently, while
examining the structure of non-constant jump circulant graphs, it was conjectured in [10] that the asymptotics of the
number of spanning trees of the m x n tori and grids and the circulant graphs C." would be the same.

The main result of this paper is the derivation in Section 2 of closed formulas for the first order asymptotics of the number
of spanning trees in undirected circulant graphs, both for fixed jump circulants and linear jump ones (in which the jump

1 To avoid confusion, we emphasize that, since we are allowing multiple edges in our graphs, C51"2"* is always 2k-regular and C:'"*2"* is always k-

regular. For example, in our notation, C;,'I" is the 4-regular graph with 2n vertices such that each vertex i is connected by one edge to each of (i — 1) mod 2n
and (i + 1) mod 2n and by two edges to (i + n) mod 2n. Our techniques would, with slight technical modifications, also permit analyzing graphs in which
multiple edges are not allowed, e.g., the Mobius ladder M,,. This is the 3-regular graph with 2n vertices such that each vertex i is connected by one edge
to each of (i — 1) mod 2n, (i + 1) mod 2n and (i + n) mod 2n. The reason that we do not explicitly analyze such graphs is that such an analysis would
require rewriting all of our theorems a second time to deal with these special instances without introducing any new interesting techniques.
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sizes can depend linearly upon n).2 We note that the corresponding problem for directed circulants was recently addressed
by [7].

A secondary result that follows from our primary ones is that, as described in Section 3, the limiting asymptotics of the
number of spanning trees of circulant graphs C;"*2""* as sy, 55, .. ., Sk, 11 tend to infinity will be exactly the same as the
limiting asymptotics of the number of spanning trees in the k-dimensional tori (and k-dimensional grids) when the number
of vertices in the tori (and grids) tend to infinity.

Returning to our main result, it is not reasonable to assume a priori that

(1)

1
51,52, L e Lgy J+ea, o g I+er\ T
n—oo

Iim T (Cn

. . . 1,15 ..
exists. Consider, for example, the simple case of C, in_ and partition the graphs by the congruence classes of n modulo 3.

5

q=0: Ifn = 3kthen C,}’L is the union of k + 1 disjoint cycles; one of size 3k = n and k = n/3 of size 3.

Ifn = 3k + 1 then C,:’ 5 is the union of exactly two disjoint cycles, each of size n.

q=1:
q=2:Ifn=3k+2,

- ifkis odd, then Cn]’L is the union of exactly two disjoint cycles, each of size n,
- if k is even it is the union of 3 cycles; one of size 3k = n and 2 of size n/2.

5

Itis unreasonable to expect that all three types of graphs have the same limiting behavior. In fact, they do not. Our results
will imply though, that, forq =0, 1, 2,
lim T (C"H?J) =

n—00
n mod 3=q

where the ¢, are three different constants.
More specifically, in the next section (Theorem 4), we will show that, if p = Icm(dy, ds, . . ., d;), where Icm denotes the
least common multiple, then for0 < q < p,

1
. §1,52, -8k L I er, L J+e o LI e\ ™
lim T( m ! 2 : = ¢,
m—00
m mod p=q

and we will give a closed form for ¢, in terms of the s;, d;, and e;.
Most studies of the number of spanning trees in circulants start with the following facts. It is known [8] that the formula
for the number of spanning trees in a d-regular graph G can be expressed as

1 n—1
T(G) = E]‘[(d—x,-), 2)
j=1

where Ao = d, A1, Ay, .. ., Ay_1 are the eigenvalues of the corresponding adjacency matrix of the graph. Because the adjacency
matrix of C;""** is circulant, from [3] we have

A= eV p g p e e W =0,1,...,n— 1,

2r/—1 . . . .
where ¢ = e~ n . This fact directly implies the known result:

it k 277sij
T(C3152 %%y = — 2k —2 cos — | . 3
(& )= H( ; . (3)

j=

Starting from this, in [18] it was proved that

Lemma 1. For any fixed integers 1 < s; < s, < .-+ < 5§,
51,525k — 2
T(C, “) = nay,

where the a, satisfy linear recurrence relations of order 2%~ 1. Furthermore, the largest characteristic root (in modulus) of a, is
unique.

(This lemma is actually a combination of Lemma 4 and Lemma 5 from [ 18] and the “Note” following Lemma 4. Technically,
the results in [18] state that 1 < s; < s, < - -+ < S, but, strict inequality was never used in the proofs there, so the results
holdfor1 <s; <s; <--- <s.)

2 We note that, recently, Lyons [15] has developed general techniques for deriving the asymptotics of the spanning trees of large graphs. His techniques
can be used to derive the asymptotics of fixed jump circulants (our Lemma 2) but do not seem to be usable to derive the asymptotics when the jumps are
not fixed constants.
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Eq. (3) and the formula in Lemma 1 will be crucial for our later analysis.
Lemma 1 assumes fixed jumps. The number of spanning trees in non-fixed jump circulant graphs,

by,ayn+by, ..., b . . ) .
T (Cﬁz}fj 1 02MD2, o G "), was also shown [11] to satisfy a linear fixed order recurrence relation but no theorem as strong

as Lemma 1 is known for the non-fixed jump cases.

Lemma 1 actually provides an algorithmic way of determining the asymptotics of

- 51,505\ 1/n _ 1; n/n . 2\1/n
Jim, TG = Jim (na) ™ = i, () -

Recall that Kirchoff's Matrix Tree Theorem provides a closed formula for the number of spanning trees in any given graph. For
fixed sq, So, . . ., Sk it can be used to evaluate T(C;"*2"*) for n < 2% and calculate the corresponding a,. Lemma 1 states
that a, satisfies a linear recurrence relation of order 25—, The 2% initial values then permit solving for the coefficients
of the recurrence relation. Since the recurrence relation has a unique largest characteristic root, we can then derive the
asymptotics of (aﬁ)l/n and thus T(C;*2*)1/" In the non-fixed jump case, the results in [11] similarly permit deriving a
recurrence relation and then the asymptotics.

As a simple example, consider the square cycle 2. Using Lemma 1 it is not hard to derive that

T(C}?) = nF2,

(this was originally conjectured by [2,5] and variously proven by [4,16,18]) where F, is the Fibonacci sequence, i.e., F; =
F, = 1,and forn > 2, F; = F,_1 + F,—,. This implies that
TGY) . FAy 3445

: 1.241/n _ 1 _ _
nlglgoT(C” )= nll)l’l;lo T(Cnl’z) nll)l‘l;lo F? 2

Note though, that we did not calculate % by plugging s; = 1, s, = 2 into a closed formula. Instead, we essentially used

the fact that T(C2) satisfied a recurrence relation to then derive the recurrence relation and then plugged in the asymptotics
of the solution to the recurrence relation. In this paper, we show the existence of a simple formula in the s; that yields the
asymptotics.

2. Spanning trees in circulant graphs

The ultimate goal of this section is to analyze the following quantity,

1
515520058k LA- J4e1, L5 [4e, ., [ ] 4e \ 7
lim T (c,, a 2 a ) (4)

n—oo

as a function of given integers s;, d; and e;. We will do this in stages. Note that, from symmetry considerations, restricting
s; to be positive and d; > 1 will not change the classes of circulants that we address, so we will implicitly make these

assumptions.
Before starting, we need to note an important caveat, which is that all limits will be over non-zero values. More
specifically, note that, if gcd(n, s, ...,S¢) > 1, then C3%29% s disconnected so it has no spanning trees. This makes it

impossible for us to define a limit. For example, when n is even, C,f*“ has two components, so no spanning tree exists and
T(C>*) = 0. On the other hand, when n is not even, T(C>*) > 0 and we can show the existence of ¢ > 0 such that
limy,— 0o T(szrfﬂ)”(zm“) = c. Thus, technically, lim,_, o, T(C>*) does not exist. But, as mentioned, we will take all of our
limits to be over non-zero values, so we will write lim,_, o, T(C>*)/" = c.

We first start by analyzing (4) when all of the jumps are constant, i.e., | = 0, and prove the following lemma. We should
point out that, as mentioned, Lyons’ [ 15] recent results also imply the following lemma. Our reason for giving an alternative
proofis that we will apply the same techniques later in the paper to derive the formulas for the cases with some non-constant
jumps.

Lemma 2. For any fixed integers 1 < sy <s, <--- <5,
TG

1 k
4 exp |:/ In (Z sin? 715,%) dxi| .
0 i=1

Proof. Write T, for T(C,'"***). From Lemma 1, T, = na? where a, = «"(1 + O(e")) for some « > 1and € < 1. Set
B = a®.Then

1
: 515525--sSk\ 71—
lim T(C, 1" ) =
n—oo

T, = na? = na® (14 0(eM)” = nf"(1+ 0(e™),
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proving the first equality of the Lemma.
To prove the second equality, note that, from (3) and 1 — cos(2x) = 2 sin? x, we get

1
. 1 . 1 k 2rsg \ |"
nlLI'glc T,n = nlLHOIO |:n 1_[ <2k -2 Z cos "

|
N
=<
23
(]
b
o
—
=3
—I
|
]
2]
=]
]
“;l
wn
(=N
Ss~—
Ss~——

n—1 k .
— 4l 2 7)1
= 4nll>rr010exp |:Zln (Zsm . ) X n:|'

j=1 i=1
We can conclude by using the fact that, if f(x) is a continuous non-negative real function defined on (0, 1] such that
f(; In(f (x))dx exists, then

n (E00()1)-[
| 1 < =11 dx,
lim (; n(f (n x - /O n(f (x))dx

to get

. 1 ! k .2
nll)rEOT,,n:4exp|:/0 In Zsm wsix |dx|. O

i=1
We now derive the asymptotics of the simplest non-constant jump case:

Theorem 3. Let 1 <s; < --- <s,pand0 < a; < --- < a; < p be integers. Then

(Note that if p = 1, then | = 0 and this theorem reduces to Lemma 2.)

Proof. By (3), we have

—1 X
T(CL Sk @iy — lpln_[ |:2(k+ -2 icos 2
pn =
=1 i=1

. I .
TS; 2main

J —ZZCOS : ]]
pn A pn

1 pﬁl . Zi 27sij 2i 2mainj
= — k — cos — cos
pn i=1 pn i=1 pn
(j mod p)#0
pn—1 k .
271s; 2mwan
X 1_[ 2(I<+l)—ZZcos J—ZZ 0s Ll
j=1 i=1 pn i=1 pn
(j mod p)=0
182 e k 27 ! 2 ag
= — 2k +1) —2 cos -2 cos
mll| D poerbmeg csn R g ooy
(j mod p)=t

= k -
X i_i |:2k—22(:cos 2nnsg :| .

=1 i=1
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To evaluate the limit of the nth root of the second product recall that, in the proof of Lemma 2, we already saw that

n—1 k 27‘[5,’] % 1 k 5
li 2k — 2 —_— =4 1 i ix | dx | .
nerolo ]l:! K ; cos Tl exp /0 n ; SIn” T SiX X

To evaluate the limit of the nth root of the first product note that if (j mod p) =t # 0 thenj = pj’ + t for some j' and

1
n

j=1
(j mod p)=t

n—1 1 k 5

2tma; t 1

= lim exp| In 2 k+1— Zcos a4 _ ZZCOSZNSi (i + 7) X —

n— 00 e Py p P n pn n

n—1 1

2tma; j t 1
1 \ k+1— -2 2 -+ — - .
nLrgoexp|:J/=] <n|: ( + Zcos ) Zcos TS <n pn>:|> X n:|

Since

CoSs 27 S; (

uniformly (inj') as n — oo, the exact same type of calculation as in the proof of Lemma 2 yields that the limit is

1 !
2t
exp|:/ 1n< |:k—|—l— E co na,i| -2 E cosZnsx) clxi|
0 p

pn—1
. 2msij 2na inj
nILrEO 1_[ |:2(k +0-2 E cos —— —2 E :|

— COoS 2715,

i=1 i=1

1 k 1
a;t
= 4exp |:/ In <Z sin® wsx + Z sin? Hl) dx:| )
0 i=1 i=1 p

where the last equality again comes from 2 sin® x = 1 — cos 2x.
Combining the above equations gives

1
1\" ! k
lim T(Cypfth ‘””)% = lim ( > 4exp |:/ In (E sin? nsix) dx:|
n— 0o n—oo \ pn 0 n

i=1

el ! k ! mat
x 4exp / In Z sin® wsix + Z sin? —— | dx
t=1 0 i=1 i=1 p
Lt k ! wait
= 4P exp Z/ In Xzsin2 TSiX + Z sin? — | dx |. O
=0 /0 =1 i1 p

We can now extend this to the case where the number of vertices in the graph is no longer an exact multiple of p.

Corollary 1. Let 1 <s; <--- <s,and0 < a; < --- < a; < p beintegers and let q be an integer such that 0 < q < p. Then

1

n]l)rgloT (Cpn+q5k .an,..., am no_ exp |:Z/ In <Z sm TTSKX + ZSII‘I T a; <7 — X)) dXi|

Proof. Similar to the proof of the previous theorem, we have

1 pn+q—1

27s ! 2ma;nj
T(Cpuyg ™ ") = Py 1_[ |:2(k+l)—22 s —ZZcos id 'Jj|

=1 T4 I pntg

=0 j=1 =1 pn+q im1 pn+q

(j mod p)=t

p—1 pn+q—1 k . 1 .
j 2mainj
= 2(k+1) —2 CoS 27TS; -2 cos
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Now letj = pj’ + t for somej’ and t withO <t <p— 1.Then1 <j < nand

. . vt .
Joo__J _pi+t Ay j+1

n+4% ~pn4+q pn+g n+ﬂ<n—|—ﬂ’
[ P [

- I+5 o i
and cos 27s;—L— = cos 27rs;—~%. Since L = j' + £ we have that
pn+q n+d ) P

2w anj 2maj < q )
cos = cos 1—

pn+q p pn+q
2ma;t 2raiq j . 2mait | 2maiq
= cos cos sin sin
p p pn+q p p pn+q
2ma;t 2raiqt + > C2mait | 2maiql + 5
= COS Ccos q 4+ sin sin q
p p n + p p n +

t qJ +
= cos2maq;
p pn+

Plugging these identities into the above formula and replacing each index j with the appropriate j’ in the last expression,
and then taking limits and simplifying the expression as in the proofs of Lemma 2 and Theorem 3, we obtain the following

. S Sk,a1n, ..., ﬂﬂ
lim T(Cl k-1 (LTI
n— o0

pn+q
pn+q 1 : q
. 2w anj 1 n+
_EXP|:,11LH;01H< |:2(I<+1)—2;c052nsl —2; pn+qi|) Xn—l—g X "

i=1 P
p—1 k 1 t q

= 4P exp / In <Z sin® sx + Z sin® a; (7 — x)) dx|.
t=0 /0 i=1 i=1 p P

We can generalize even more to allow the jumps to be shifted slightly from linear:

p=1 r1 k I
t
= 4P exp |:Z/ In <2(k + 1) — Zcos 27X — Zcos 2ma; (p — ;x)> dx]
—0 J0

Corollary 2. [et 1 <s; <---<s,and0<a; < --
let by, by, ..., b be any arbitrary integers. Then

lim T (C”;’"S" anthy. a’"“”) = 4P exp |:Z/ In (Z sin? wspx + Z sin? [ <7 — 7x> + bx]) i|
n— o0

Proof. Note that

- < a; < p be integers and q the integer such that 0 < q < p. Furthermore

1 Pt k 2msi ' 27 (an + by)j
T (C;:lllré,sk,aln—kb] ..... a1n+bl) _ 1—[ Z(k + l) _9 ZCOS TTSi] _9 ZCOS ( in+ 1)]
pn+q j=1 i=1 pn+q i=1 pn+q
1 o=t e k ! 27 (ain + by)j
= l_[ 1_[ 2(k+l)—22c052ns,- —ZZCOSM
P+l i i=1 pm+q I pn+q
(j mod p)=t
gt
Same as before we may let j = pj’ + t for some j and t with 0 < t < p — 1. Using the fact that pn+q = ]nig, simple
manipulation gives
2 (ain + by)j 2w a;nj 2 bij . 2mainj . 2mwbyj
0s = oS cos — sin sin
pn+q pn+q pn+q pn+q pn+q

t qJ + 2 bij . t q] + . 2mbj
= cos 2ma; cos — sin2ma; sin
P D n—|— pn+q p p n+ pn+q
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t gl +; i+ t gl t+\ . T+
= cos2ma; | — — = 7 | cos Zﬂbiiq —sin2ma; | — — — q 51n27rb,~7q
p pn+g n+ p pn+, n+,

t qi+ i+3
cos 27 | a; t_1 z +b,~72 .
p pn+; n+,

We now (almost) copy the proof of the previous corollary to get

1 p—1 1 k 1
n t
lim T (C;ﬁ,;'r'é‘s"‘“”m """ a’”“”) = 4P exp |:Zf In (Z sin® wspx + Z sin? 7 [ai ( — qx) + bix]) dx:| . O
t=0 0 i=1 i=1 p p

n—oo

A simple example. Recall the graph CZ],’I'1 with 2n vertices 0, 1, ..., 2n — 1 in which each node i is connected by one edge
to node (i + 1) mod (2n), by one edge to node (i — 1) mod (2n), and by two edges to node (i + n) mod (2n). It is known
(e.g. Theorem 4 in [19]) that

n

TG = SIW2+ 10"+ (V2= 1", (5)
SO
lim T(CLM™ = (V2 + 1) (6)

We now see that Theorem 3 yields exactly the same result. Theorem 3 immediately yields the closed form

1
lim T(c;,;“)% = 4% exp ( / (In(sin® wx + 1) + In(sin? nx))dx) ) (7)
n—oo 0

This integral can be evaluated by splitting into two parts.
To evaluate the first part we note that since sin® 7x + 1 = 2 — cos® 7x,

1 n—1 .
1
In (sin? 7x + 1)dx = lim Zln 2—cos ) ) % - (8)
0 n—o00 = n
n—1 .
1
nli)nololn (jl;[ (2 — cos? ?)) X -

We now recall the fact that U, (x), the nth Chebyshev polynomial of the second kind, satisfies ([4] and formulas (6) and (9)
in[19])

n—1 :
T
U2 (x) =4"! | | <x2 — cos® J)
. n
j=1

B~

and

Un(x) = 2«/% |:<x+ x2 — l)n+l + (x— x2 — 1>n+1] .

Plugging back into (8) yields

1 U2 5 :
/ In (sin? 7x+ 1)dx = lim In (—1(‘[)) 1
0 n—o0 4n71 n
(V2 +1)?
=In——M~,

4
To evaluate the second part, recall the well known identity, c.f,, [1] 4.3.145,

/2
/ Insintdt = —ilr12.
0 2

Thus

1 1 T
/ In(sin? 7x)dx = — / In(sin? u)du
0 T Jo

4 /2
— / Insinudu = —In4.
T Jo
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Plugging the values of the two integrals just evaluated into (7) gives
24 1)?
lim T(CLM® = 4% exp |:ln (‘[T“L) - ln4] = (V2412
n—oo

which is exactly (6).
We now return to prove our main theorem:

Theorem 4. Let 1 < d; < --- < d, be fixed positive integers and p = Icm(dq, do, ..., d;).Let 1 < s; < --- < s be positive
integers and eq, e,, . . ., ; be arbitrary integers. Set a; = dB,-' and for 0 < q < p also set bg; = \Jﬂ + e; Then, for fixed q,
1
nlllﬁr};lo T (C;l,sz,“.,sk.\“;qJ+e1,L£J+ez ..... L$J+el>
m mod p=q

1 p—1 1 k 1 t
= 4exp ( Z/ In (Z sin® wsgx + Zsin2 T [ai ( - qx) + bq,ix] dx|.
P = Jo i=1 i=1 p p

Proof. The definitions of a;, b; imply

m
if m = pn + q then \‘dJ + e =an+ by;. (9)

1

Combining Theorem 3, Corollaries 1 and 2 yields, for fixed q,

1
. S1500Sk>@1M+bg 1., a+bg 1\ 1
lim T (Cpn g

n—oo

p—1 1 k l
t
= 4P exp (Z/ In (Z sin? Tsx + Z sin? 7 [a,' (7 — gx> + bq,ix:|> dx) .
t=0 Y0 i=1 i=1 p p

This implies

. $1,52500455ks dﬂ +er, dﬂ +e2,... dm +ey
im 1 [crslaleolg i3]
m— 00
m mod p=q
1
. S1,..,8k,a1N+bg 1,....an+bg |\ pPr+q
=1limT (C " "
e 00 pn+q

1 p—1 1 k 1 t
= 4exp ( Z/ In <Z sin? sx + Zsin2 T [ai ( — qx) + bq,,-x] dx). O
P Jo i=1 i=1 p p

Slysz,m,sk)%

3. The asymptotics of T (C,

. . . ) 1
In the previous section, we saw that, if sq, s,, . . ., 5 are fixed, then T(C;""*>"**)n converges to a constant dependent

upon the s;. In this section we discuss how this constant changes as n and the jumps s; themselves tend to infinity.

Lemma55. If sy, s,, ..., Sk are arbitrary positive integers and t < k, then
4 1 1 t k
lim lim T (CJ1°2%) " = 4exp / / In Zsin2 X + Z sin? wsix | dxq - - - dxedx
51,52,...,St—> 00 N—00 0 0 P Pt
where s1, S3, ..., S — 0 in any arbitrary order.
Proof. From Lemma 2, we have that, if s1, s, . . ., Sk are fixed, then

DG .
lim ——— =In4+ [ In(sin® ws1x + sin® ws5,x + - - - + sin® 7wspx) dx.
n—00 n 0
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Setting s1x = x; yields

In(T (G2 51 X x1\ 1
m M = In4 +/ In <sir12 X1 + sin? 7152—1 + ...+ sin? nsk—l> —dx;
0 S1/ $1

n— 00 n S1

s1—1 j+1 Y 1
= In4+ Z (/ In (sin2 X1 + sin® zrszs—1 + -+ +sin? TSk ) dx1> S
j=0 \i 1

1 1

For all s1,j and x, that appear in the last integral, - f < ’S‘: < ]H . Furthermore, sin 7 (t + j) = sin? wt. Therefore, fixing

$2,83,...,Scand writingx; =t +jforx; € [j,j + 1) permits evaluatmg
s1—1 j+1 -l s1—1 t+] 1
lim In ( sin® 7 x + sin? ns dx = lim / In | sin? nt+ sinfrsi—— | dt ) —

1 1 k
/ / In (sin2 X1 + Z sin? nsiy> dx dy.
0 0 i=2

In(T(C1*2 % sl 1 X X 1
lim lim @G 7)) _ In4+ lim Z (/ In (sin2 X1 + sin® sy 4 + .. & sin? nsk—]> dx1> —
51—>00 4 0 Sq

§1—>00 N—>00 n $1 S1

Thus

1 pt
=In4+ / / In (sin? 7x; + sin® 7wspy + - - - + sin? 7wsy) dxidy.
Setting s,y = x, similarly yields

In(T (G152 % 1 P x\ 1
lim lim M =1In4+ / / In (sin2 X1 + sin® Xy + sin® 7153—2 + .-+ sin? nsk—z) —dx;dx,
o Jo S2/ %2

§1—>00 N—00 n S2
sp—1 j+1 pl
.2 .2 .2 X X ]
=In4+ Z In ( sin® 7x; + sin® wx, + sin® ws3—= + - - - + sin® ws, = ) dx;dx,
=0 \YJj 0 52 S2 52
Again, for all s,, j and x, that appear in the integral, é < 3 < ]H . Therefore, for fixed s3, s4, . . ., Sk, the same reasoning as

above yields

ln T C51 382500058k 1 1 1
lim lim lim InM@& ") _ ln4+f f f In (sin® X1 + sin® wx, + sin® 7s3y

52 —>00 51— 00 N—00 n

4+ o 4 sin2 77,'Sky) XmdXZdy.

Assume for the moment that t < k. Continuing in the same fashion for ss, ..., s; gives,
. . . . ln(T(Csl’sz""’S"))
lim lim --- lim lim ————
St—>00 S§¢_1—>00 $1—>00 n—00
1n4+/ / / In (Zsm TXi + Z sin nsx) dxq,dx; - - - dx.dx
i=t+1

which is equivalent to the statement of the lemma.
For the case t = k note that the analysis of t = k — 1 gives, for fixed s,

. . o In(T(G )
lim lim --- lim lim ———=

Sk—1—> 00 Sk —>00 51— 00 N—>00 n

1,1 1 k—1
=1In4+ / / . / In (Z sin® x; + sin® nskx> dxidx; - - - dx,_1dx
o Jo 0 P

sg—1 j+1 pl 1 k—1 1
=In4+ Z / / e / In Z sin? x; + sin® x| dxqdxy - - - dxg | —.
=0 j 0 0 i=1 Sk
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Taking the limit as s, — o0 gives

. . . . In(T (G )
lim lim --- lim lim ———=

Sg—> 00 Sg—1—>00 51—00 N—>00 n

1 1 1 k
:1n4+/ / f In Zsinznxi dx1dxy - - - dxg.
o Jo 0 =

To conclude, note that the proof as given requires that the limits be taken in the specific order

lim lim --- lim .
St—>00 St_1—> 00 $1—>00
The fact that the order in which the limits is taken does not matter, i.e., that the sy, ..., s, — oo inany arbitrary way, follows
from the symmetry of T(C;*2**) with respect to sy, s, ..., Sp. O

We restate the special case t = k as a theorem:

Theorem 6. Let sq, S, . . ., S¢ be arbitrary positive integers. Then

1 p1 1 k
lim lim T(Czl,sz,m»sk)% = 4exp / / . / In E sin? rx; | dxydxy - - - dxy | .
5155250055k —> 00 N—>00 o Jo 0 —

Interestingly, this quantity is exactly the asymptotic limit of the number of spanning trees in k-dimensional square tori

as derived by Garcia, Noy and Tejel in [9]. Let T,’f be the number of spanning trees in the k-dimensional square torus with

n-vertices, i.e., each dimension has span n'/¥.In [9] it is shown that lim,_, o (T¥) '/Mis exactly the quantity given in Theorem 6.

For another special case let G(m, n) and TS(m, n) denote, respectively, the 2-dimensional m x n grid and torus. [6,9] tell
us that

lim T(TS(m,n))m = lim T(G(m,n))m
m,n— oo m,n— o0

1 1
= 4exp (/ / In (sin® 7x + sin® 7ry) dxdy)
o Jo

= 3.20991230....

As noted in [ 10], when drawing the circulant graph C1." on the grid G(n, m) (mapping node k in C1." to the unique node (i, j)

in G(n, m) where k = ni +j), C1" is actually identical to the torus TS(n, m) except for side edges all of whose left endpoints

’Tmn
are shifted up by one. Thus, in [10] it was conjectured that the asymptotics of the circulant would be similar to that of the
torus. This will now be seen to be true:
Corollary 3.

lim lim T(CLm)m = lim_T(TS(m, n)) i = _lim_T(G(m, n)) .

m—00 n— 00

Proof. Lemma 5 withn =s,s; = mand t = 1 gives

1 1
lim lim T (Csl’m)l/s = 4exp (/ / In (sin® rx + sin® 7ry) dxdy) )
m—00 §— 00 0 0

Thus

lim lim T(CY™m = lim lim T(C'™)%

m—00 n— 00 m—00 Ss—> 00

1 1
4exp (/ / In (sin® 7x + sin® 7ry) dxdy) . O
0 0

Lemma 5 states that, in calculating the limits, as long as n — oo first, the order in which the s; go to infinity does not
matter. An interesting remaining question here would be to show for the circulants that, as in the case of k-dimensional
grids and tori, the order in which the limit over n is taken does not matter either. That is, viewing T (C;""**"*) as a function
ofn, sy, Sz, ..., S is it true that

1 1
lim T(C,ﬁl'sZ""’sk)% = 4exp (/ . / In (sin® w1 + - - - + sin® 77X, ) dxq - - - clxk) .
0 0

n,51,52,...,Sk—> 00
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4. Concluding remarks

In this paper we derived closed formulas for lim;,_, o (T (C(1))) 7 ,where C; is a circulant graph with given fixed and linear

jumps and T(C(n)) denotes the number of spanning trees in C(n). As a secondary result, our techniques can also be used to

derive the limiting asymptotics of the number of spanning trees of circulant graphs C;'***""** when jumps sy, S, . . . , Sy and

n tend to infinity. We saw that this is exactly the same as the limiting asymptotics of the number of spanning trees in the
k-dimensional tori (and k-dimensional grids) when the number of vertices in the tori (and grids) tend to infinity.

We conclude with a question about growth rates. In Lemma 2 we showed that for any fixed integers 1 <s; <s; <--- <
Sk»

] 1 ) T(CSLSZ"“’SI()
lim T(Cor2)n = lim — L
n—00 n—o0 T(C,17% 7k

Note that this quantity represents the average growth rate of the number of spanning trees of the circulant graph ;%%
Since Lemma 2 also tells us that this value is equal to

1 k
4/ In Xzsin2 wsix | dx, (10)
0 i=1

finding the jumps s; that maximize or minimize the average growth rate among all families of 2k-regular circulant graphs
would be equivalent to finding sq, s, .. ., S, that maximize or minimize (10). To the best of our knowledge, this problem
has only been addressed for directed circulant graphs with k = 2 [14] (with only partial solutions). It would be interesting
to try and solve this more generally.
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