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In this article, we develop a method to count the number
of spanning trees in certain classes of double fixed-step
loop networks with nonconstant steps. More specifically

our technique finds the number of spanning trees in é,’,”q,
the double fixed-step loop network with n vertices and
jumps of size p and q, when n =dym,and g = dom+ p
where di, d>, and p are arbitrary parameters and m is a
variable. © 2008 Wiley Periodicals, Inc. NETWORKS, Vol. 52(2),
69-77 2008
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1. INTRODUCTION

A directed circulant graph C3*>* is a digraph on n ver-

tices0,1,2,...,n—1; foreach vertex i(0 < i < n—1), there
are k arcs from i to vertices i + 1,1 + 52, ...,I + sx(modn).
(Figure 1 illustrates 6@’5.) A double fixed-step loop network
is a directed circulant graph 65"1 in which each vertex has
exactly two arcs leaving it. This kind of network appears in
the design and analysis of local area networks, multimodule
memory organizations, and parallel processing architectures
[1, 6, 9]. Parameters of these graphs such as diameter and
average distance, which are closely related to the network
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bandvgidth, have been considered recently. For example, the
case C}"~! and the case C}""~2, the so called daisy-chain
loop, were investigated by Liu [12]. Some generalizations to
infinite classes of double fixed-step loop networks with min-
imum diameter were explored by Erdos and Hsu [5]. More
recent results can be found in [1, 6,9] and their references.

In this article we address the question of counting the num-
ber of spanning trees in such digraphs. A spanning tree in a
digraph is a rooted tree with directed paths from the root to all
vertices. The number of spanning trees in a digraph or graphis
an important, well studied quantity [4]. This parameter char-
acterizes the reliability of networks. There is a classic result
known as the Matrix Tree Theorem [11], which expresses the
number of spanning trees 7(G) of a graph G as a function
of the determinant of a matrix that can be easily constructed
from G’s incidence matrix. However, in practice, counting
the spanning trees by calculating the determinant is infeasi-
ble for large graphs. For this reason, researchers have paid
much attention to developing techniques or deriving formulas
for analyzing the number of spanning trees. For some spe-
cial classes of graphs, it is possible to give explicit, simple
formulae for the number of trees. For example, if G is the
complete graph K,,, then Cayley’s tree formula [8] states that
T(K,) = n"~2. Other special cases can be found in [3, 14, 17].

The asymptotic behavior of T(E’,ﬁ’q) has been derived in
[15]. A closed formula for T(E‘,&Z) was proved in [13] where
it was also proved that T(E’,llz) > T(E‘,’j" ) for any different
positive integers k, .

For fixed integers sy, 52, . . ., Sk, 145 S] < 8§) < -er < Sk,
it was proved in [14] and [17] that T'(C;,"***) = nay,, where
a, satisfies a linear recurrence relation of order 2%~!. This
recurrence relation can be exactly derived by using the Matrix



Tree Theorem to calculate a, = T(C5"*%)/n for n =
1,2,3,...,2% which gives the initial conditions and enough
information to solve for the coefficients of the recurrence
relation.

The technique is not applicable, though, when the jumps
s; vary with n. To the best of our knowledge, only a few
very special cases of such graphs, e.g., the Mobius ladder
[3], have been studied. Recently, Golin et al. [7] proved
that when the jumps are linear in the graph size, the num-
ber of spanning trees (as a function of the graph size) also
satisfies a linear recurrence relation. Their proof was an
existence one, though. Constructing the recurrence relation

T(éé;:,n_H) _ m22m71’

2m—1 .
~omt2y _ Jm2 if 2 J[ m,
T(CZ’” ) - {O otherwise,

based on their existence proof would require calculating
a very large number of initial values and is thus infeasi-
ble except for a few simple cases. In this article, we will
consider the number of spanning trees in a class of dou-
ble fixed-step loop networks with jumps linear in the graph
size. More specifically, we will develop a method for cal-
culating 7(Ci?) when n = dym, and ¢ = dym + p where
di,d>, and p are arbitrary parameters and m is a variable.
In the next section we introduce our technique by develop-
ing all the necessary mathematical tools; in Section 3 we
illustrate the technique by deriving the following series of
formulas:

bd m - 2
T(Ci;:lnﬂ) —m (24m—1 4 03m=1 4 ok cos m n) ’

T(él,m-ﬁ-l)

3m

3m

T(Z’jl,Zm—H) —m (23m—1 + 2m—1 + 22m cos

3m -

0

T(éZ,m—O—Z) _ {m (23m71 + 2n171 + 22m CoS mT_lﬂ)

0

T(agﬁmﬂ) _ {m (23m=1 4 2m=1 —22m cog ”’T_Zn)

R o 3m—1 m—1 _ »2 m
N L

0

‘We point out that the basis of our method is not the fact
that our digraphs are circulants but two consequences of the
fact that they are circulants: (i) they are regular digraphs and
(ii) the jth eigenvalue of the digraph can be expressed as
f(sj),j = 1,2,...n, where f(x) is a polynomial and ¢ = e%
[2]. Our technique could be extended to other graph classes

3 2

FIG. 1. The directed circulant graph 6‘2’5.
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m (23’”_1 4 2m=l _92m ohg m n) ,

m—l)
T,
3

if24m,

otherwise.

if24m,

otherwise.

if 3¢ m,
otherwise.

with these properties as well. We also point out that our tech-
nique is restricted to counting the number of labeled spanning
trees and cannot count the number of nonisomorphic span-
ning trees. This is because the Matrix Tree Theorem counts
the number of labeled spanning trees and our technique is
an application of the Matrix Tree Theorem. An interesting
open question would be to develop a method for counting
the number of nonisomorphic spanning trees for these graph
classes.

2. THE BASIC IDEA

Our approach is based on the following result:

Lemma 1 (Zhang and Yong [16]).
n, p and q

For any positive integers

n—1
T(Ch) = [[@2— e — &%), (1)

j=1

2mi
where s =en .



This lemma and similar ones are at the basis of most analy-
ses of the number of spanning trees of circulant graphs. They
come from combining the Matrix Tree Theorem with obser-
vations concerning the eigenvalues of the adjacency matrices
of circulant graphs; see e.g., [17] for more details. While the
lemma does provide a formula for T(C5?) it is not a partic-
ularly useful one. The rest of this paper will be devoted to
transforming (1) into something more interesting.

Lemma 2. Let n, p and g be any positive integers and € =

27i
e . Define 81, 82, . .., 8, So that

[ =]]e—e” -

j=1

= _x" _ 81)6”_1 + 82xﬂ—2 . + (_1)”8;1.
Then
n—1 - '
T(Cg’q) :f/(2) — pon—1 + Z(_l)jaj(n _j)znﬁfl' @)
j=1

Proof. Note that f(2) = 0, and from Lemma 1 we know

n—1
T(Ch4) =[] — &)
j=1

n—1
— )}l_r:lz H(x el — 8(1])
j=
— lim T® _ um’Lj;(z) —7Q).

x—2x—2 x—2

To find 7(Ch?) our approach will therefore be to find
81,82, ...,8,_1 and substitute them into (2). Our main tool
in calculating the §; will be Newton’s formulae [10] which
states the following:

e Let x1,x3,...,x, be arbitrary values.
o Let 81,8,,...,8, be the coefficients of

FO) =@ —x)E—x) - (x —x,) =x" — §x"!

Fo (=),

e Fori=1,2,...,n,define S; =x‘i —|—x§+~-~+x,’;.
e Then Newton’s formulae are, fori = 1,2,...,n:

Si—81Sim1 +8:Sia+ -+ (=118 + (= 1)'is; = 0.
3)

More specifically, Newton’s formulae permit us to derive
the §; through knowledge of the S;. Note that the roots of f (x)
in Lemma 2 are (8"1’ + ek‘f), k=1,2,...,n. Inthe following

lemma and the sequel we use C{; to denote < 7 >

Lemma 3. Let

n

Si=Y ("4 i=12,..n
k=1

i .
where ¢ = en . Then, for1 <i<n:

Si=n 3 c/.

O=j=i
pi+(g—p)j=0( mod n)

Proof. Forl <i<n

Si=) (e + £y

k=1

noi ]
= Z Z CJ hpitkq—p)j
1
k=1 j=0
i .
= Cf(l 4 gPit@=pi o 20itq—p) 4 ..
1

j=0
+ DO

=n Z Clj

0<j<i

=] =
pi+(q—p)j=0( mod n)

In the most general case of arbitrary n, p, g this lemma
does not help us much since the sums involved are quite
complicated. However, in the particular cases in which g =
dym + p, n = dym where p and d» < d; are fixed and m
grows, we can greatly simplify this sum, as shown in the next
corollary:

Corollary 1. Let p, d| and dy with dy < dy be fixed, n =
dim, and g = dym + p. Set

n
Si = Z(gkp +8kq)i,i = 1,2,.. .. n,
k=1

2mi
where ¢ = e n . Further define

a = ged(p,m), p = pla,
B = ged(d,da),

y = ged(B.p), p" = Dy,
di = di/B,

d, = d/p

and let dj be such that dyd), = 1 (mod d}). Then

S {o if famti.
i= lG—x)/d] ~x+tdy ... ) B — d
ny c lfl—ﬁy—am,ﬁ—l,Z,...,%,
- “4)
where x = (—{p"d}) mod d.
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Proof. Recall from Lemma 3 that S; = n

oz C/. In what follows we examine, for
pi+.(q—p)j=0(.m0d.n) o
fixed i, which j satisfy the condition

pi+(q—p)j=0 (modn). )
Relation (5)is equivalent to
pi+dmj=0 (mod dym)

which can only be satisfied if m|pi or, since « = gecd(m, p), if
= li. We may therefore assume thati = €%, = 1,2,...,ad,.
Then

(5) is satisfied <= £p + dsmj =0 (mod md;)
o
= lp'+drj=0 (mod dy)
= drj = (—Lp’) (mod dy).

Since B = ged(d,dy), if B 1 £p’ this last condition cannot
be satisfied so, if S; # 0, then B|ép’ or glﬁ%. Since y =

gcd(B, p'), we may assume that £ = gﬁ’ for some integer ¢'.
This in turn implies that

i = g@ = g’ﬁﬂ
o Yy o
and
(5) is satisfied <= d»rj = (—£€p’) (mod d;)
p/
=S dj= <—€’ﬂ—> (mod dy)
Y
< dyj = (—t'p") (mod d))
= j=(—tp")d, (mod d})
from which (4) follows. "

We now note that even though we proved the corollary
in full generality, in our spanning tree application we will
not need this full generality. More specifically, we have the
following result:

Lemma4. Ifgcd(p,g,n) > 1 then

T(C9) = 0. (6)
In particular, given p,di,ds, let « = gcd(p,m) and § =
gcd(dy,da, p). Then, if either o« > 1 or§ > 1,

7@ ) =0

Proof. To prove (6) note that if ged(n,p,q) > 1 and
(u,v) is an arc in C"! then u = v (mod ged(n, p, ¢)). This
implies that if #’, v’ are any two vertices in C5? and there is
a path from «’ to V' then &’ =v' (mod gcd(n,p, q)). This in
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turn implies that there is no one vertex in € from which it
is possible to reach all of the vertices so C;*? does not contain
any spanning tree.

(An alternative proof would be to note that, setting j =
st Would give P =gl = 1502 —eP —e¥) =0

and, from (1), T(Ch") = [T/2] 2 — ¥ — &%) = 0.)
To prove the second part of the lemma simply note that if

either ¢ > 1 or 6 > 1 then gcd(p,doam + p,dim) > 1. .

In the sequel we may therefore assume that (i) ¢ =
ged(p,m) = 1sop = p/a = p and therefore (ii) y =
gcd(B,p’) = ged(dy,da,p) = 1 as well. This then implies
p" =p'/y = py = p. We will use this fact later in Section 3.

Returning to the corollary we observe from (4) that all
of the S; are 0 except for those that are some multiple of
gm = Bm. We make a further observation.
Lemma 5. Givenxy,x,..
by

.3 Xp, let 81,62, . .., 8, be defined

fO) =@ —x)E—x2) - (x — x) = x" — §1x"!

+- (=D,

Fori=1,2,...,n, setS; = x’i +x§ +-- ~+x;. If there exists
an integer v such that

Vl’lflfn, l:fVTl’fhel’lSl‘zo,

then

Vi,l <i<n, ifviithens; =0.

Proof. We assume thatv > 1 since otherwise the lemma
is trivially correct. Now assume that if v { i then S; = 0. We
prove by induction on i that if v { i then §; = 0.

Note that we can rewrite Newton’s formulae (3) as

(_1)i+l i—1
b= ——— (Si+ D (=D8Si | (7)

t=1

Fori =1, §; = §; = 0. Suppose now that §; = 0 for all
Jj <isuchthatv{j. If vtithen, Vt < i, at least one of v { ¢
orv{ (i — 1) is true so §,5;_, = 0 and, since S; = 0 we have
from (7) that §; = 0. "

Now (recalling from the comment following Lemma 4 that
a=1)setv = gm = fBm. From Corollary 1 we know that
if v {ithen S; = 0. Lemma 5 then implies that if v { i then
8; = 0. To solve for §; when v|i we can rewrite Newton’s

formulae, simplifying by discarding all zero terms to get

0=3S,+ (=1D"s,
0= S2 + (—=1)"8,S, + (=1)*"2v83,



0= S35 + (=1)"8,52 + (=1D?82,8, + (=1)*"3v83,

0=Su—1y + (=1)"8,S@—2p + - + (=D2"54_5),8,

+ (=D = D81y
0= Sa + (=1)"8,S@—nyy + - + (=D D"84_1),8,

+ (=D avs g,
where d = 4¢ = 4 — dj. Now for i = 1,2,...,d set
Y;(v) = S, to be the known functions and X;(v) = §;, to be
the functions for which we want to solve. The system above
then becomes

—Y1(v) = (=D"X1(v)

) = (=D"X| Y1) + (=D 22X (v)

—Y3(0) = (=1)’X1 () 2(») + (=DZ X2 (") Y1 (v)

+ (=D¥3x3(0)

(8)
Y- = D’X1iMNY -2 + - -
+ (=D — DX g-1y (v)
YY) = (=D"X1 " Y@a-1yv) + - -+
+ (=D X Y1 (0) + (=D dvXa(v),

which is nonsingular and can therefore be solved for X;(v)
in terms of the Y;(v). In the next section we see examples of
this technique.

As pointed out in the comments after Lemgna 2, we do
not need to know 8, = Xy (v) to calculate T(C29). So we
actually only need to solve for the d — 1 functions X; (v) = §;y,
i=1,2,...,d — 1 and not all the d functions.

Before proceeding to calculate T(E‘ﬁ’q), we note that the
expression for Y;(v) = S;, given in Equation (4) of Corol-
lary 1 is in the form of a sum of binomial coefficients of an
arithmetic series. While this looks unwieldy, we will actually
be able to use the following useful lemma to derive a closed
form for the sums.

Lemma 6. Letn > 0 and let j,d satisfy 0 <j <d — 1.
Then

. . . 10| i
Cht CHH 4 2 4 gy 7Y

_ WK k=2
d d d

Proof. Letw = e’ . So w is the dth root of unity and

dil(wk)j _ {d k = 0(mod d),
j=0

0 otherwise.

Foreachk,0 < k < d—1, multiply both sides of the following
identity by wk@=):

=0
Summing up the d identities for k = 0, 1,...,d — 1 yields
. . . 22 d 4
d(Cl 4+ CaH 4 ¢4 4 .. 4 cf T
d—1
=Y DA +M 9
k=0
Since
d—1 -1
; —pmi 2kmi
S D by = 3y
k=0 k=0
-l 2k(d—j)mi k Jeri n
:Ze a 2cosgne a
k=0
d—1 [
_ 2n n % (;x—‘ j)mi )
Z cos dne ]
k=0
taking the real part of (9) proves the lemma. n

3. THE TECHNIQUE AND EXAMPLES

In this section we use the facts developed in the previ-
ous section to derive formulas for 7(C5?) as a function of
m when n = dym and ¢ = dym + p. Recall that from
Lemma 4, we may assume that both « = ged(p,m) = 1
and y = ged(dy,da.p) = 1 since, if not, T(C} L") = 0.
Furthermore, from the comments following the lemma, we
may also assume that p” =p'/y = (p/a)/y = p.

3.1. The Technique

Gathering together all of the facts from the previous
section yields the following four step technique.

1. Calculate 8 = ged(dy, da), d| = dy /B, dy = dp/ B and d}
such that djd) = 1 (mod d}).

2. Setv=mp.For¢ =1,2,... ,di — 1 use Corollary 1 and
Lemma 6 to calculate

Ye(v) = Spy

L(ev—x¢)/d}] ”
Xe+td,
—n Y ot (10)
=0

2ty dj—1

k v k(lv —2
n— Z cost =7 ) cos Mn
d d d|

I k=0 1

-1

kY k(v—2
= Z (cos yn> cos (VTXZ)N,
1 1

k=0

where x; = (—Ep”d_é) mod d| = (—Zpa,;é) mod dj.
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3. Use (8) to solve for 8;, = X, (v), £ =1,2,..., dy —1.
4. Substitute the derived 8;, values into (2) and use the fact
that if v 1 i then §; = 0 to derive

T(CP9) =f'(2) = n2""!
dj-1

+ ) (=D — eBm)Sypn2 P (1)
=1

‘We also make two observations that can reduce the number
of cases that need to be examined. The first is simply that if
B = ged(d,dp), d; = di/B, and d) = d»/p, then setting
g(m) = T(égif;'””) and h(m) = T(CLE"*P) gives h(m) =
g(Bm). Since, in our technique, solving for both g(m) and
h(m) involve the ‘same amount of work’, i.e., solving for
d’'—1 unknowns from d’ — 1 equations, we might as well solve
for g(m). For example, instead of solving for T(Céﬁmﬂ) we
can solve for T(E‘;;ij)

The second more interesting observation is stated next.

Lemma7. Letp = ged(di,da),d| =di/Bandd, = dp/pB.
If p1 = p2 (mod d)), ged(pi,m) = ged(pa,m) = 1, and
ged(B,p1) = ged(B,p2) = 1, then

TS = T

Proof. Examining our technique for deriving T(E‘Zi‘fnzm” )s
we note that the only place in which p is used is in the def-
inition of x; = (—{pd}) (mod d}) in Step 2. This value
is the same for all ¢ if p; = py (mod di) so the proof
follows. The reason for the requirement that gcd(p;,m) =
gcd(pa, m) = 1 is that in Step 2 we were explicitly using the
fact that gcd(p,m) = 1 to force p” = p. As seen before, if
gcd(p, m) # 1 then the graph has no spanning trees, and so
this is not an interesting case. "

As an example, this lemma would imply that

{2 fmthen TRt = ).
if24mand 5 1 m then T(E‘%ﬁ”’”) — T(éi;,f”’”),
for all m T(CX2m3) = T(C82m).

Note that if 2|m then T(C32"*) = 0, T(C32"™%) = 0
and T(C$2" %) = 0; if 5|m then T(C32"*) = 0; while if
3|m then T(C32"*3) = T(CS2™+6) = 0.

3m

3.2. Examples

We illustrate this technique by first evaluating the simplest
case.

Example 1. T(E‘%}’;”H).
Inthiscasep = d» = 1,di =2s08 =1,v=m

and d| = di/B = 2. Since d{ = 2 we only need to find
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8, = X1 (v). Note thatd; = d = 1sox; = (—1) mod 2 = 1.
Substituting into (10) gives

Lo
Vi) =Sp=2m Yy Cilt'=2m2"'. (12
t=0

The system of Equations (8) in this case is only the one
equation

—Y1(v) = (=D"vX;(v)

or
—2m2™ ! = Y (v) = (=DVX () = (= 1)"mbp,

SO
S = (=1)"t12m,

Substituting into (11) yields

T(CL™) = @m)22" " 4 (=1)"ms, 2"~ = m2?" .
(13)

Example 2. T(C>").

2m

Inthiscase p =d; = 2,dy = 1,8 =1s0ov = m,
di=di/p=2.

The major difference in this case is that we must note that
if « = ged(m,p) # 1, ie., m is even, then T(C3" %) = 0.
So, for the rest of the derivation we assume that m is odd.

Since d; = 2 we only need to find §, = X;(v). Note that
d) =dj =1s0x; = (—1-2) mod 2 = 0. Substituting into
(10) gives

L]

Yi(v) =Sy =2mYy_ Cpl =2m2"".
t=0

Y1(v) = 2m2™~! is exactly the same as (12) so following
the same derivation as in (12)-(13) we find, that if m is odd
then

T(éZ,m—O—Z) — (2m>22m—1 + (_l)mmamzm—l — m22m—1.

2m

Thus,

2m—1 : :
~om+2y _ |m2 if m is odd,
T(sz ) - {O if m is even.

Example 3. T(E‘i;;"“).
Inthiscase p = d» = 1,d) = 4,8 = 1sov = m,

d; = d/B = 4. We therefore only need to derive the three
functions 8y, = X¢(v),£ = 1,2,3. As before dé = dé =1.



We therefore find x; = 3,
into (10) yields

xp =2, x3 = 1. Substituting

v—=6 )
T,
4
y—2 )
T,
2
3v—2 )
7).
4

The system of Equations (8) in this case is

Yiv) =v (ZV +2:% cos

YLr(v)=v (ZZV + 2"+ cos

Y3s(v) =v (23V +22 % cos

=Y1(v) = (=D)"X;1(v)

—1(0) = (=1)"X1 (Y1 () + (=DP 20X (v)

—Y3(0) = (=1)"’X1 () 2(») + (=DZ X2 (") Y1 (v)
+ (=D¥3vX3(v),

and solving for X, (v) yields

Xi(v) = (1" (—2V + 2% cos

y—2
_7‘[ N
4
v—2
'T[ 9’
4

X)) = (=D <2V 23+ ¢cos
X3(v) = (=1)>(=2%).

Equation (11) states

T(&l,m+1)

4m

— 4m24m—1 + (—1)'"3m5m23m_1
+ (= 1)?"2mb2, 27" 4 (= 1) m3, 2"

Substituting in the values §;,, = X, (m) and simplifying yields

‘271).

Example 4. T(E’é’;jzm+p) where 1l <p <3, 1 <dp <2.

T(Cl m+l)

4m

(24m—1 43m=1 4 % oM

We will first work through the six different (p, d) cases,
stating our results and showing that there are actually only
three distinct cases (with the remaining three being isomor-
phic to the others except, possibly, when they are equal to 0).
We will then derive the formulas for the three distinct cases
at the end of the section.

(l) T(Cl m+])

T(C1m+l)

3m

(23m 1+2m 1 22m cos

m—2
).
3
m—1
).
3

(i) T(Cy2" .

T(éé;sm+l) —-m (23m—1 + 2m—l + 22m cos

(iii) T(C3 2m+3)'

3m

mr) if3tm,

3m otherwise.

T(63’2m+3) m (23m—1 4 2m—1 _ 22m cos
10
(iv) T(C3" ).

When m is even T(C2 mt2y _ (.

When m is odd C2 | is isomorphic to C1 2m+1 More

explicitly,

C1,2m+1 22,m+2

3m

with the trivial vertex mapping i <— 2i. Therefore,

r(E2) {

— 3,

m (23m—1 4 om=1 4 22m g mTfly-[) if 24 m,
0 otherwise.

(V) T(62,2m+2)

When m is even T(C2 2m+2y _ (.

When m is odd C§ 2m+2 is isomorphic to C
mapping

Lm+ 1 sing the

1 1 ~2,2m+2
Cyitl =t

with the same trivial vertex mapping i <— 2i.
Therefore,

if 21 m,

T(CZ 2m+2) m (23m—1 + 2”’-1 _ 22m cos mTisz)
0 otherwise.

3m

vi) T(C3 ).
If 3|m then T(C3%) = 0. 1f 3 { m then C3"

is isomorphic to C2 s . To see this note that if 3 { m
then gcd(3m,m + 3) 1 so there exists x < 3m such
that x(m + 3) = 1 (mod 3m). We can then define the
isomorphism

ég;::w-s égﬁm+3
using the vertex mapping i <— ix(2m + 3). To see this is
an isomorphism let

f@) =ix2m+3) (mod 3m)
=ix(m+3+m) (mod 3m)
=i(l4+xm) (mod 3m).

Then
fAG+3)=0G+3)(1+xm) (mod 3m)
=f@{)+3 (mod 3m)
and

fG+m+3)=>G+m+3)x2m+3) (mod 3m)
=ix2m+3)+ (m+ 3)x2m + 3) (mod 3m)
=f({)+2m+3 (mod 3m).

So, if (i,i +3) € C3" then (f(i),f (i +3)) € C3.2"*? and
if (G,i+m+3) € c3 3 ,then (f (i), f(i+m+3)) € C3 2m+3,
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Since f (i) is a one-one function from [0, 3m — 1] into itself
we have exhibited an isomorphism.

Note that if 3|m, then T(C%fm%) = 0. We have thus
proved

T(63,m+3) — T(63,2m+3)

3m 3m
{m (23m=t g om=t —22Mmcos ) if3 4 m,
0

otherwise.

Derivations of (i), (ii), (iii), (iv), (v), (vi). In (a), (b), and
(c) below we derive the formulas for the numbers of spanning
trees in the above six graphs to verify the validity of our claim.

(@) T(C32"2) and T(Cy). () and (v)

We already saw that when m is even T(C52"%) = 0. We

also saw that when m is odd C2 2m+2 i isomorphic to G Clmtt,

We therefore only have to evaluate the number of spannmg
trees for Cy" .

Inthlscasep =1,d =3,db=1,=1s0v =m,
d; = di/B = 3. We only need to derive the two functions
8oy = Xe(),€ = 1,2.Now dy = dp/B = 1,d, = 2. We
therefore find x; = 1, x, = 2. Substituting into (10) yields

v—2 )
7T b
3
2

Ya(v) = v (22V +2(=1)" cos ~—

Yi(v) = v(Z" + 2cos

7).

The system of Equations (8) in this case is

—Y1(v) = (=D"vX;(v),
—Y2(») = (=D)'X1 (WY1 (») + (—=DP 20X (v)

v—2
V4 >
3

— (=1)") cos ~—

and solving for X, (v) yields

X (v) = —(—=1) (2" + 2 cos

2
Xo(v) = (2" 7+ 2cos?

Equation (11) states

T(C3 ) = 3m23" =1 4 (= 1)"2ms, 22!

3m

+ (_1)2mm52m2m—1.

Substituting in the values &¢,, = X, (m) and simplifying yields

T(Cl m+1)

3m

(23m 1+2m—1 —22mCOSm;27T>,

proving (i) and (v).

(b) T(C32™*1) and T(C3" %) (Gi) and (iv))

We already saw that when m is even T(E‘2 er2) = 0 and,

~2,m+2 .

when m is odd, C3,""~ is isomorphic to C,]"fmﬂ We there-

fore only have to calculate the number of spanning trees in
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6‘31;3"1“. Inthiscase p = 1,dy =3,dp =2,8 =150
v=m,d| =d;/p = 3. We therefore only need to derive the
two functions 8y, = Xy(v),£ = 1,2. Now dé =dy/B =2,
dy=dy =2 Wefindx; =2, x =

(10) yields
v—4 )
V4 ’
3

‘4n).

The system of Equations (8) in this case is again

1. Substituting into

Yiv)=v (2” + 2 cos

Ya(v) = v (22V +2(—1)" cos

—Y1(v) = (=D"vX;(v),
—Y2(») = (=D'X1 (WY1 (v) + (= DP 20X (v)

_4)
),

_4 5
7w + 2cos

and solving for X (v) yields

X, (0) = —(—1)" (2V +2cos 2

Xo(v) = @+ = (=1)") cos -

TT.

Equation (11) states

T(Cy2"h) = 3m2’m ! 4 (—=1)"2ms,, 22!
+ (=1 mdy, 2"

Substituting in the values &¢,, = X, (m) and simplifying yields
m—4
bid
3
m—1 )
bid
3

where the last equality comes from the fact cos(x — 7) =
— cosx. This proves (ii) and (iv).

(© T(C32") and T(C3) (i) and (vi))

We already saw that when 3|m both graphs have no span-
ning trees and when 3 { m the two graphs are isomorphic.
We therefore only consider T(C3 2m+3) In this case p = 3,
dy = 3,dy = Zﬁ—lsov—m,d{:dl/ﬂ:
We therefore only need to derive the two functions 8¢, =
Xe(v),£ =1,2.Now d), = dp/B = 2,d, = d, = 2. We find
x1 =0, xo = 0. Substituting into (10) yields

(Cl 2m+1) (23m 1 2m—l _ 22m cos

—m (23m1 + 2m71 + 22m cos

v
Yiv)=v (ZV + 2 cos gn) ,
2v v v
Ya(v) = v (2 4 2(—1)" cos §n>
The system of Equations (8) in this case is yet again

Y1) = (=D"vX; (v),
—Y2(v) = (=1)’Xi (Y1 (") + (=) 20X ()



and solving for X, (v) yields
v
(1} v s
Xi(v) = —(-1 (2 +20053n),

Xa(v) = 2"F = (=1)") cos §n + 2 cos? %n.

Equation (11) states

T(63,2m+3) — 3m23m7] + (_l)mzmamzszl

3m

+ (=) ¥"my,2™ 1.

Substituting in the values §;,, = X, (m) and simplifying yields
(if 3t m)

(323 = (23m—l Lom=l _p2m o ?n) ,

3m

proving (iii) and (vi).
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