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Abstract

Let A be ann x n nonsingular M-matrix. For the Hadamard product A~1 M. Fiedler
and T.L. Markham conjectured in [Linear Algebra Appl. 10 (1988) 1] thet o A~1) >
2/n, whereq(A o A~1) is the smallest eigenvalue (in modulus)4b A~1. We considered
this conjecture in [Linear Algebra Appl. 288 (1999) 259] having observed an incorrect proof
in [Linear Algebra Appl. 144 (1991) 171] and obtained thatt o A~1) > (2/n)(n — 1)/n.
The present paper gives a proof for this conjecture. © 2000 Elsevier Science Inc. All rights
reserved.
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1. Introduction

For notations and definitions not defined here we refer to [1,2].

All M-matrices considered here will be nonsingular M-matrices. For an M-matrix
A, the Hadamard produet o A~1 is again an M-matrix [4]. Fiedler and Markham
proved [1] thaiy (A o A~1) > 1/n, and proposed the following conjecture:

q(AoA™h > 2/n,

whereg (A o A~1) is the smallest eigenvalue (in modulus)4b A~1. We consid-
ered this conjecture [2] having observed an incorrect proof [3] and obtained that
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g(Ao A1 > (2/n)(n — 1)/n. The present paper is intended to prove this conjec-
ture.

About the conjecture, | would like to point out that it is also stated in Horn and
Johnson’s book [6, p. 375]. The correct proof was, actually, given by the author in
1996 and the extended abstract is seen in [7].

Let t denote the transpose of a matrix or a vector.

2. Proof of the conjecture
The following lemma is Lemma 2.1 in [2].

Lemmal. LetA = (g;;) be a strictly diagonally dominant matrix by row and col-
umn i.e.,

laii| > laijl, laii| > lajil
J J

J#i JF
forall i. Then forA=1 = (b;;), we have
£ laje]
@) 1bjil < Zf:”?] biil,
i lagj]
(b Ibis| < =20 by,

Lemma 2. LetA = (a;;) be ann x n irreducible M-matrix and
ai =) laijl+1=) lajil+1, i=12....n

JF JFi
Let A;; be the cofactor matrix af;;. Then
_ n—1 .
aii—a}Aiilﬂién— , i=12...,n,
aii
where
t
al = (ail7 ceeyaii—1, all+l7 ) aiﬂ)a
t
Bi = (ax,...,ai-1,ai41i, ..., ani) .

Proof. We need only prove the claims for= 1. The rest follows similarly. From
the hypotheses, we have

t
A=(01 %),
B1  Anl
anda} =e' (I — A11), B1 = (I — A11)e,—1, Wheree,_1 is then — 1 dimension-
al vector of 1's. Then

QAT =6 (I — A1 AT — A1D)en—1

=e;_1Allen_1 + e;_lAfllen_l —2(n—1). (1)
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From [5],A11is again an M-matrix. S(AIllen_l =y=(y2...,y)t>0.Lety; =
miny;. Then, since;,_1 = A11y, we have

1=ai;yi — Z laijl y;

JF#Lj=2

<\ ai— Z laij| | vi
J#i,j>2
<A+ maxecj<nlajil)yi.

This yields
-1 ¢, 1¢n-1
enflA]_l en—12
1+ maXoc j<n |aj1|
n—1
1+ maXoc j<n |aj1| '
Now,
el JAnen1=n—1+ Z lajal,

j=2

aj1=1+ Z laji]l =2 1+ madec <nlajal.
j=2
So from (1), it leads to
n—1
ail

a1 —ajA; 1 <n—
The proofis completed. (]
We now turn to prove the conjecture.
Theorem 3. LetA = (g;;) be ann x n M-matrix. Then
gAoA™H > % n>2
whereg (A o A™1) is the smallest eigenvalue modulug of A o A~1.

Proof. From [1] or Theorem 3.2 in [2], we may assume tHat! is a doubly sto-
chastic matrix, andt 1 = B = (bij) > 0. ThenAis irreducible, and we have

aj; > 1, (2)

aii =Y laijl+1= laji|+1 foralli. 3)
J#i J#i
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For the positive vector

T
;= ail a2 Ann
all—l’azz—l"”’ann—l ’

let f; be theith component of the vectQF(A o A~1). Then by Lemma 2
fi=aiib 11 p _Z|a]1|b]1

J#
1 aii
ajj JJ
>aiib 11 p _E |a]l| b 1
ajj —
J#

=b < (aii — 1)2) aj;
=0ii \ Gii —
aii aj; — 1

1 aji
—by (2— — .
! ( aii) ajj — 1

On the other hand,
detAil- 1

detA o a;; — a}ATlﬂi ’

i =

So from Lemma 2, we have
1
bjj > ——  foralli.
n—m—1/a;

Noting (2), this gives rise to

1 ..
fi=bi <2 - —) i
aii ) aij —1

2—(/ai;) aji
T n—((n—D/ai) ai — 1
22 i
ndap — 1

This implies that
dAoA™h >
which gives the following:

1 2
g(Ao A7) = —.

The proof of the conjecture is then completed]

Remark. The lower bound of the conjecture is best possible. See the example in [1]
or[6, p. 374].
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