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25~ 1 where s is the largest jump [29]. A drawback here is that, when the jump s is large, it is
difficult to apply the method to get the number of spanning trees because the degree of the
recurrence relation grows exponentially and the coefficient matrix (it is an integral Toeplitz
matrix of exponential size) of the linear system for establishing recurrence formula is not

K ds: . . .

Cfryc Vl‘:ﬁ:ms araphs well conditioned in calculation.

Spanning trees In this paper, we focus our attention on this point and obtain an efficient approach
Recurrence relations (another kind of recursive formula) for counting the number of spanning trees in a directed

or undirected circulant graph which has fixed or non-fixed jumps. The technique is also
applied to the graphs G = K, &£ C, where K, is the complete graph on n vertices and C is
a circulant graph. Compared with the previous approaches, our advantage is that, for any
given jumps s; < s, < --- < S, the number of spanning trees can be calculated directly
by a new kind of recursive formula, without establishing the recurrence relation of order
2%~1 We describe our method by giving concrete examples of its use.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

Throughout this paper multiple graphs or digraphs are allowed to appear in our consideration. A spanning tree in an
undirected graph G is a tree that has the same vertex set as G. An oriented spanning tree in a digraph D is a rooted tree
with the same vertex set as D, that is, there is a node specified as the root and from it there is a path to any vertex of D.
The study of the number of spanning trees in a graph has a long history and has been very active because, theoretically,
counting the number is interesting, and the problem has different practical applications in different fields. For example, the
number characterizes the reliability of a network and in physics, designing electrical circuits, analyzing energy of masers
and investigating the possible particle transitions [8,10,14,15,21].

A well-known theoretical result on finding the number is the Matrix Tree Theorem [19] which expresses the number
of spanning trees in terms of the determinant of a matrix obtained from the Laplace matrix of the graph. Unfortunately,
counting the number by evaluating the determinant directly is hard for large graphs [1,4,32]. Due to this reason there have
been developed techniques to get around the difficulties [5,11,12,25,29] and have paid much attention to deriving explicit
and possibly simple formulas for certain special classes of graphs. For example, if G is the complete graph K, then Cayley’s
tree formula [18] states that T(K,) = n" 2. Some most recently derived results about the counting and maximizing the
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number of spanning trees can be found from [13,24,26,28,31]. Our interest here is to consider a class of special graphs,
circulants.

Let sy, Sa, ..., S be given integers, called jumps,and 1 < s; < s, < --- < . A circulant graph C;*"* has n vertices
labeled 0, 1, 2, ...,n — 1, with each vertexi (0 < i < n — 1) adjacent to verticesi = s;,i £ S5, ...,i £ s, (mod n). A

directed circulant graph, ﬁ,ﬁ"sz """ * is a digraph on n vertices 0, 1, 2, ..., n — 1 and for each vertexi (0 < i < n — 1), there
are k arcs from i to vertices i + S1,1 4+ Sz, ..., i + Sx (mod n). Note that C;""*>"* is a 2k-regular graph and that C;'"*>*

is a k-regular digraph. It is seen that the simplest undirected circulant graph is the n vertex cycle C,.} and that the simplest
directed circulant graph is the n vertex directed cycle E,} As usual, we use T (X) to stand for the number of spanning trees
in a graph or digraph X. Starting from the different proofs [3,20,27] of the Conjecture T(C*?) = nF2, where F, the Fibonacci
numbers, of Bedrosian [6] (which was also conjectured by Boesch and Wang in [9] without the knowledge of [20]), the
recurrence formulas for T(C,.}’3), T(C,}*“) were obtained in [27] and then more general results were recently obtained in
[29,30]. The most general result states that T(C;!*2 %) = na? where a, satisfies a linear recurrence relation of order 251,
For a directed circulant, the general formula is T(Eﬁl’sz’""s") = nb,, where b, satisfies a linear recurrence relation of order
25«1 129]. There also have been combinatorial approaches on the number of spanning trees in odd-valiant circulants and
some interesting combinatorial properties of a,, were derived in [2,11].

The formula for the number of spanning trees in the graph K, — S has been studied for different types of S. For instance,
when S is a path or a cycle or a complete graph, similar results are established in [6]. A closed formula for T (K, — C;,) was
obtained in [17] and the same formula was also reproved alternatively by introducing a different technique [30] and there
is a generalization of their approach to getting a formulas for T (K, & C;*2"%).

For a large sy, it is hard to use the recurrence relation method to get the number of spanning trees in a circulant graph
because the degree of the recurrence relation increases exponentially with sy. In this paper, we focus our attention on this
point and obtain another kind (recursive) formula for counting the number of spanning trees in a directed or undirected
circulant graph with fixed or non-fixed jumps and formulas for G = K;, £ C, where K, is the complete graph on n vertices
and C is a circulant graph. Our result states that, in finding the number of spanning trees, it is not necessary to solve a
system of linear equations of exponential size (where the coefficient matrix of the system for establishing the recurrence
formula) is a Toeplitz matrix which, in computation, is not well conditioned [16]. Our advantage is that, for any given jumps
S1 < Sy < --- < S, the number of spanning trees can be calculated directly, without establishing the recurrence relation of
order 25—, To make the thing clearer, we describe our method by giving concrete examples of its use.

2. Basic lemmas

In this section, we will derive some fundamental results which are essential in finding the exact number of spanning
trees. Our technique is by applying some basic facts from combinatorics and number theory.

Lemma 1 (G. Pélya [23]). For any positive integersnandr,r =1,2,...,n— 1, let
un) = Z e (Mobius function) (1)
(r,n)=1
Then
1 ifn=1,
un) =10 if nis divisible by a square (apart from 1),

(=)™ in all other cases,

where v(n) is the number of distinct prime factors of n and e is the nth unit root.

For simplicity, throughout the paper, we say that a column vector C is the coefficient vector of a polynomial f (x) if C
is constructed from the coefficients of the polynomial f(x) and its ith component is the coefficient of x' (where the last
component of C is the constant term of f (x)). X* denotes the transpose of a matrix(or vector) X. We also use Oy, to stand for
the k dimensional zero column vector.

Lemma 2. Let f(X) = opxXP 4+ ap_1X’~' + -+ + a1x + ap, ap = 1, be a complex or real polynomial and C,_1 the coefficient
vector of polynomial ]_[?:_ff(x"). Then, for k = 2, 3, ..., n — 1, C satisfies the following recurrence relation

p
Ok O Op-1k g
G = ([Cokl] |: Cr—1 ] |: Cr—1 ] |: Cr—1 [Copk]> p. ,
P Op-1yk Op-2)k Ok k=1 :
Qo

with the initial (column) vector C; = (atp, 0tp—1, ..., &1, &p)".
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Proof. Without loss of generality, we may let

k—1
. pk(k—1) pk(k—1)
[[reh =7 .x"7 ... x DG (2)
i=1
Then we have

k k—1
[Jred) =re]red)
i=1 i=1

pk=D)  pkk=D) _,
2

ok, PR=D  pkk=1)
= apX*(x 7 x X DG o xR x T T L % DG
pk(k=1)  pk(k—1)
A O(O(Xf,qu’ e X, DGy
%
O Oax Op-1k o
. p 0 p—1
(6] L) Lend - TSR
P Op-1k Op-2)k Ok B '
Qo

pk(k+1) pk(k+1) 1
B

whereA=(x 2z ,x , ..., X, 1). This completes the proof of the lemma. O

To illustrate this we have:

Example 1. Let f(x) = x*> 4+ 3x + 1. We calculate G, the coefficients vector of the polynomial ]_[iz:1 f(x). Since then
C; = (1, 3, 1)¢, by Lemma 2 we have that

AR
Il
P
—
[@Np)
~ -
| A
1
SN O
No= N
L 1
—
N O
- N
1
\_/
1
—_ W =
| IS
Il
OO OO~ W=
OO = W= 00
— W - OO0 OO

1
—_ D =
| I |
Il
— W OB~ W=

Note that in the above lemma if C; is symmetric (i.e., its ith component is equal to the (p — i)th component for all i) then
all G, are symmetric. The components of C; also have the following properties.

Lemma 3. Let f(x) = apx’ +ap_1x’ '+ - - +o1x+ag, ap = 1, be a complex or real polynomial, ¢j, j = pn(n—1)/2, ...,2,1
the components of the coefficient vector, C,_1, of polynomial ]_[?;11 f(x)) and
wk) = > g (3)
Jj=k (mod n)

Then for every q1,q; € {1, 2, 3, ..., n — 1} we have that
w(q1) = w(qz) if ged(qr, n) = ged(qz, n).

Proof. We assume that M is the companion matrix of f (x), that is,

000 -~ 0 —a
100 - 0 —o
v=]0o 10 - 0 -
000 -+ 1 —a,

Then the following two expressions are identical and we have their expansion (where I is the identity matrix)

n—1 n—1
[Tr6) =] -mi
j=1 j=1

pn(n—1) pn(n=1) 4
= Cpn(n-nX 2 + Cpnin—1 _1X 2 + -4+ x4+ co.
2 2
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Setx = esz and let (1 =)ng < ny < --- < ny(= n) be the all possible divisors of n. Then

n zli]- 2xi pn(n—1) zli(pn(n—l)q) 27

Hlen I —M| = Cpnn—pen 2 + Cpnn-n €7 2 +---+cen +¢c
2 2

j=1

2zi 2miy 27 1)
wO0) +w(en +w@)en +---+whn—1en +co
wO+ Y wie T 4t Y w@ed + .

ged(j,m)=ng ged(j,n)=nj_q

Note that for any pair of positive integers t" and t”, if gcd(t’, n) = ged(t”, n) = 1 then

n—1 n—1
27 o/ 271 11
[Tle™ 1—mi=]]le™"1-m| (4)
j=1 j=1
that is
2y L2y 2wy 2w
Z w(em 4. 4 Z w(yen i = Z wie 4.4 Z w(en . (5)
ged(j,n)=ng ged(j,n)=nj—1 ged(j,n)=ng ged(j,n)=nj_1
Now, form = 1, 2,..., 1 — 1, writing each term of both sides in (5) as an inner product of a row vector W,, with a column

vector E,,(.), we have that

WoEo(t') + WiE1(t') + - - - + Wi B (t') = WoEo(t") + WHE (t") + - - + W1 Ei1(t"), (6)
where, for each m,
WaEn(®) = > w(e
ged(j,n)=nm
= (i), (i), -, W) T, e e iy,

Noting that E,,,(t) is a permutation of E,,(t"), there exists a permutation matrix P, such that E,,(t") = P,E,(t") and thus
plugging them into (6) generates

WoEo(t") + - -+ + Wi1Ei_1(t') = WoPoEo(t') + - - - + Wi_1P1E_1 (t). (7)

And this is true for any integer t’ with (t’, n) = 1. Therefore comparing the coefficient of E;, (t") on both sides of (7), we have
Wy = Wy, Py, This in turn implies that

w(1) = w(z2) = = w(in), (8)

completing the proof of the lemma. O

Lemma4. Let f(x) = apx’ +ap_1X’ "'+ - -+ a1x+ @, & = 1, be a complex or real polynomial and (1 =)ng < ny < --- <
n;(= n) be all possible divisors of n. Then we have

n—1 ‘ ! [p(n—1)/2]-1
[]reh = [ozg—l +Y nm/m) Y cm-+n,} , 9)
j=1 j=0

i=0

where ¢ = esz, ¢ is the jth component of coefficient vector, C,_1, of polynomial ]_[?Z_Ilf(xi) and for k = 2,3,...,n—1, G

satisfies the following recurrence relation
p
Og;—])k Opk Op—1
k=1 Ck—l . ’
Ok .

Cer Ok Oz
Ck = [O/ ] Cr—1 Ce—1
pE Op—1)k Op-2)k
with initial vector C; = (o, Qp—1, Ap_2, - . ., &1, p)".

Proof. From Lemmas 2 and 3 and their proofs, it is easily obtained that ¢y = ozgfl, w(0) = w(n) and that

n—1 ) ) .
[[F& =g+ > w(je’n’ + > w(e ) 4+ > w(je s,
=1

ged(j,m)=ng ged(j,m)=nq ged(j,n)=n;
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Noticing that, if n4 is a divisor of n thenng € {j | ged(j, n) = ng, j = 1,2, ..., n}, we have
n—1 ) P i s 2mi;
[[F@) =g +wmeg) Y e /twm) Y er/+twm) Y en
j=1 ged(j,n)=ng ged(j,n)=nq ged(j,m)=n;

Further let n/ng = pyg, j/ng = r4. Then the above formula is reduced to
T i 1 2mi, 27, 2mi,,
Hf(aJ) =ap  + w(n) Z er 4+ w(ng) Z ert '+ +w(n) Z er !
j=1 ged(rp.po)=1 ged(ry,p1)=1 ged(r,pp=1
Thus, ford =0, 1, 2, ..., I, applying Lemma 1 yields
i
D e = pupo)

ged(rg,pg)=1

= pn(n/ng),
and from Lemma 3, the components of C,_1, ¢;,j = pn(n — 1)/2, ..., 2, 1 satisfy
wn) = Y g
Jj=ng(mod n)
[p(n—1)/21-1
= Cnjtng -
j=0

The proof of the lemma is thus completed. O

Lemma 5. If f(x) is a reciprocal polynomial of degree p then the product ]_[?:_1l f(x') is a also reciprocal polynomial.

Proof. If f(x) is a reciprocal polynomial of degree p [22], that is f (x) = x’f(x~"). Thus,

n—1 n—1
[Jred =]]re)
i=1 i=1
n—1
= [[#Fe
i=1

n—1
— xpn(nfl)/Z l_lf(xfi)’
i=1

and this proves the lemma. O

3. Spanning trees in circulant graphs

In this section we derive the formulas for finding the exact numbers of spanning trees in circulants with fixed and non-
fixed jumps. The idea is by making use of the results obtained in the previous section.

Lemma 6 (Biggs [7], and Zhang and Yong [32]). For any integer 1 < s; < S; < --- < § < L%J

n—1
T(CS15250) = 11_[(2k —SU g sl g S S (10)
! n i=1
- ni] . . .
TG = [k — e — 2 — ... — %), (11)

i=1
where &7 is the conjugate of &/, ¢ = e27\/",
For convenience, let

Forspsg (%) = X2 - xS FS=1 L xS ek xS L xSkt (12)

Forspns @) = X% £ o 6 — k. (13)

Then, counting the number of spanning trees of an undirected circulant graph can be formulated as
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Theorem 7. For 1 < sy <s; < --- < 5 < |n/2],let (1 =)nyg < ny < --- < (= n) be the all possible divisors of n. Then
we have
— (n—1-1
(_1)(sk+1)(n 1) I Sk
TGy = e | 1 3 u(/) D Cinay | (14)
j=0 i=0
where ¢; is the jth component of coefficient vector, C,_1, of polynomial ]_[?;11]2]732’,_.,5,<(x") and form = 2,3,...,n— 1, Gy
satisfies the following recurrence relation
— 1 —
O(s—s_1)m O(sy—si—z)m 1
Cm = ([gm1i| |: Cm—l :| |: Cm—] j| [gZSkm]) -2k s
2ok O(sy+s—1)m O(sy+si—z)m mot 1
L 1 4
with the initial vector C; (the coefficient vector of the polynomial f;, 5, .. 5. (X)).
Proof. From (10) and (12) we have that
1l . S , . .
T(Cslvsz 77777 Sk) —_ _ l_[(Zk —eTSU _gSU TS S L g SSkI)
n n j:1
1 n—1 n—1
. _g—skf l_[(gzskf 4+t 8(5k+51)j _ Zkgskj + g(sk—sl)j 4+ 41
n- :
j=1 j=1

(—1)EFD=1) =1

=7 l_[(82sl<j 4+ 4 eSSV _ o feeSid + o Gk—=s1i NI

n =1

(_1)(Sk+1)(n—1) n—1 )
= ——— [ a@:
j=1

The remaining arguments are analogous to those in Lemma 4. We therefore omit the details here. O

We now illustrate our technique by finding the number of spanning trees in a simple graph.

Example 2. T(Cj’z).
Inthiscases; = 1,55 =2, f(x) =x*+ x> —4x> +x+1,C; = (1, 1, —4, 1, 1)}, n = 4 and the all possible divisors of n
are 1, 2 and 4. So, from (14) we have that

-1 5 5 5
T(C,?) = e |:1 + (1) Z Caita + (2) Z Caitz + 1 (4) Z C4i+lj| , (15)

i=0 i=0 i=0

where ¢; is the jth component of the coefficient vector Cs, it can be easily obtained by the following recurrence relation

1
C ; Om OZm O3m 04 1
Cn = |: Omi :| Cin—1 Cim-1 Cn—1 |:C " :| -4, (16)
am O3m O2m Om m 1
1
recursive calculation of G, for m = 2, 3 yields (note that C; are symmetric)

G =(1,1,-3,3,-6,—6, 16, —14, 2, 13,23, 3, —66, 3,23, 13,2, —14, 16, —6, —6, 3, =3, 1, 1)".
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On the other hand, from Lemma 1 «(4) = 0, u(2) = —1, (1) = 1. So plunging them into the formula gives

5 5
T(C,?) = —;1 |:1 + ZC41‘+4 — ZC41+2:|
i=0 i=0
LRSS
4
= 36
=4 x 32,

In the Introduction we noted that T(C!?) = nF?, where F, is the well-known Fibonacci numbers, this gives T(C,’*) =
4F? = 4 x 3% The result is the same as the one we obtained in Example 2.

A similar derivation yields the following theorem about counting the number of spanning trees in a directed circulant
graph.

Theorem 8. For 1 <s; <s, < ---<s, <n—1,let (1 =)ng <ny < --- < n(= n) be the all possible divisors of n. Then we

have
. ! [sk(n—1)/21-1
T(CS192%) = K14 (1)t Z w(n/n) Z Cintn; s (17)
j=0 i=0
where ¢; is the jth component of the coefficient vector, C,_1, of polynomial ]_[?:_111?51,52,_._,5,< X)andform=2,3,...,n—1,Cn

satisfies the following recurrence relation

C O(Sk—sk—l ym O(Sk—sk—z)m
Cn = |:Om1:| Cn—1 Cin—1
it Osk—l m Osk—zm

with the initial vector C; which is the coefficient vector of polynomialfsm ,,,,, s (X).

1

Oskm
Cm—l 1 ’

Proof. The proof is similar to that of Theorem 7 and we therefore omit the details. O

Below is an example for a directed graph.

Example 3. T(Ej’z).

In this case we have s; = 1,5, = 2,f(x) = x> +x —2,C; = (1, 1, —2)!, n = 4 and all possible divisors of n are 1, 2
and 4. So, from (17) we have

2 2 2
T(C%) =2 - [w) D Caira+1(Q2) Y caiva + p(4) Zm] , (18)
i=0 i=0 i=0

where ¢; is the jth component of the coefficient vector Cs, it can be easily obtained by the following recurrence relation:

On 1
Cn = [CO"H} Cont [COZm ] 1] (19)
2m Om m—1 _2
Recursive calculation gives CG; = (1,1, —1,2, -3, 3,3, —6,0, 2,8, 4, —8). From Lemma 1, u(4) = 0, u(2) = —1,
(1) = 1, plugging them into the formula we have

2 2
T(C?) =2° — |:Z Caiva — ZC41'+2:|
i=0 i—0
—8—[-2—10]
= 20.

Note that the result is the same as the one in Example 3 of [27] (where it is given as 8 4+ 4 4+ 8 = 20).
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Noticing further from Theorems 7 and 8 we know that if the number of divisors of n is small then the formulas (14) and
(17) will become simpler. When n is a prime number, we have the following two corollaries.

Corollary 1. Let 1 < sy < s, < --- < S, < |n/2], and n is a prime number. Then we have

(_1)(sk+1)(n—1) sk(n—1)—1
T(C;l’sz """ Sk) =— |1+ Z (Cin+n - Cin+1) B (20)
i=0
where ¢; is the jth component of the coefficient vector, C,_1, of polynomial H?:_ffs],Sz,...,Sk (X)andform=2,3,...,n—1,Cp
satisfies the following recurrence relation
— ‘l —_
O(Sk—5k—1)m O(Sk—sk—z)m 1
Cm = <|:gr2n—1:| |: Cm—l :| |: Cm—] :| |:2ZSET:|> _Zk )
WL L Osiom Otsiets_zym " 1
L 1 4

with the initial vector C; which is the coefficient vector of the polynomial f;, , . s, (X).
Proof. The divisors of n are 1and n itself because n is a prime number. The rest of the proof follows that as in Theorem7. O
Example 4. T(C>;'°).

In this case s; = 5, 5, = 16, f(x) = x32 + x*' — 4x'% + x + 1, n = 47 and all possible divisors of n are 1 and 47. So from
Corollary 1 we have

1 735
T8y — — | q o ’ 21
€y ) T + ;(C471+47 C47i11) (21)
where ¢; is the jth component of the coefficient vector Cyg, it can be easily obtained by the following recurrence relation
1
Co s O11m O16m O21m 01 1
Cm = |:On312 :| Cm—l Cm—l Cm—l |:C n;:| —4 s (22)
" O21m O16m O11m " 1
1

with the initial vector
¢, =(1,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,—4,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0, 1)".

Then recursive calculation form = 2, 3, ..., 46 yields the following result

1
T(C};'%) = —-2626364127996072949675369
47

= 55880087829703679780327
= 47 x 1188938038929865527241
= 47 x 344809808292,

Remark 1. We would like to point out that this method is much more efficient than the one introduced in [29] because, in
that method, we need to establish the recurrence formula of order 2'6~1 = 32768 and, to this end, we attempt to solve a
linear system of size 32768 x 32768 apart from finding the initial values. Exact calculation will therefore become hard!

Corollary 2. [et 1 < sy < Sy < --- < S < n — 1,and nis a prime number. Then we have

[sk(n—1)/21-1

T(C;LSZ’W’SI‘) = kn_l + (_1)n—l Z (Cin+n - Cin—H)a (23)
i=0
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where ¢; is the jth component of the coefficient vector, C,—4, of polynomial ]_[l 1 fs1 20k (xX)andform =2,3,...,n—1,Cp
satisfies the following recursive formula

Cr1 O(Sk—sk—1)m O(Sk—sk—z)m
Cm = |:O :| Cm—l Crn—l
Skt Osk_lm O —2m

Sk

1

Oskm
Cm—l 1 ’

with the initial vector Cy, the coefficient vector of the polynomialf;],Sz ,,,,, s (X).
Proof. The proof of this corollary is similar to that of Theorem8. O

4. The number of spanning trees of circulant related graphs

In this section, we consider the formulas for the number of spanning trees of graphs K, & C where C are circulants. To
this end we need the following known lemmas.

Lemma 9 (Y.P. Zhang, X. Yong, M,J. Golin [30]). For n > ZL:] my and foreachu, 1 <u <1, my, > 2s,,

1
l n—Y my+i-2 Iomu—1 . . . .
T (Kn -U 6595’52“""'3ku> =n = [T (0= 2K+ 750 509 e gy g,
u=1 =1

2mi

where g, = emu,

[y

Lemma 10 (Y.P. Zhang, X. Yong, M.]. Golin [30]). For n > ZL:1 my and foreachu, 1 < u <1, my > 2si,,

:1

! n— z my+1—2 L Mu—l - ;

T|K.+ U Cus2ur—Sh | = l_[ n+ 2k, — e S — eSSkl Sty
2mi

where g, = em  and foreachu, 1 <u <.

For simplicity, we write the above two formulas, T(K, — | J _, Cjw*20 s"”) and T(K, + JL_, Go**%) into one
expression T(K, — 6 Uu | Cpiws2w-%kty Then when § = 1 it gives T(K, — U | Cpiws2w=Skuy and when 8 = —1 we have
T(Ky + U\ _, G2 S’“‘).We let

fulx) = XZSku + xSaSt-nu o (S0 — 2k, )Xk 4 xS TS o ]

l
n—y my+Il—2
e e

D =
I

1_[ (—])Sku(mu—U

u=1
Then we have the following theorem.

Theorem 11. For 1 < sy < Syy < -+ < Sy < my/2],n > ZL:] my and foreachu, 1 < u < I, let (1 =)mqy,
Miy, ..., My (= my) be all possible divisors of m,. Then we have
Sk (My—1)—1
WS2usSku | — (u)
(Kn — Ucﬁ S ) L H [1 - Zou(mu/mn,) ZO ci;u+mju} , (24)
j= i=
where c] ) is the jth component of the coefficient vector, Cr(n“)_l, of polynomial ]_[m”_lfu(xi) andfork =2,3,...,my, — 1, C,f“)
satisfy the following recurrence relation
— ‘1 —_
Ofsys— Oty ‘
(u) (Sku—S(k—1yu)k (Sku—S(k—2)u)k 0 1
c® = [ | G c v - 2k | ) | 5n — 2k, |
Oastk ! ! G 1
O(Sku+5(l<—1)u)k O(Sku""s(k—Z)u)k
L 1 .

with the initial vector Cl(”) which is the coefficient vector of the polynomial f, (x).
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Proof.
! " Zmqul 2 I my—1
_ STuseees Sku _ _ —S1uj St —Skuf Sl
T(Kn 5U1C'”]“ k) T s 1_[ [T 00— 2k &7 4 650 o7 g%
u= : =
]
nnfuglmu‘H*Z(sl(mu_]) I my—1 ) ' . '
= 1 l_[ H (&2  gGutSa—nuw 4 ... 4 (8n — 2k, )e% + gClumSwli L4 1)
n(—])sku(mu—l) u=1 j=1
I my—1 )
=o[[[] -
u=1 j=1

The remaining part of the proof is similar to that of Theorem 7. O

As a simple application of Theorem 11, we consider the following Example 5 (This is the combination of Corollaries 4, 5, 7,
8 of [30]).

Example 5.
(@) T(Ky—38Cy%) =n""*(v —2)%,
(b) T(K, —8C;%) = n">v(v — 2)%,
(© T(Ky—38C%) =n""°w—1?
(d) T(K, —8C%) = sn""v3 (v —2)°,
(e) T(Ky—38CH) =n""8(% —40° + 207 +6v° — 30 —v 4 1),

where v = én —4,and é € {—1, 1}.

Proof. Case (a): In this case we have that | = 1,511 = 1,857 = 2,fi(x) = xX* + x> + x> + x4+ 1,v = (6n — 4),
C;l) =(1,1,v,1,1,)%, m; = 3 and all possible divisors of m; are 1 and 3. So, from (24) we have

ph—3+1-25G-1)

3
T(K, — 8C2%) = i [1 +1(3/3) Y (chils) + 1(3/1) Z(cg,ﬁl }
i=0

3
—t [ e - Y|
i=0

— " 4(1 + C(1) + Csl) + C(l) + C(l) Cil) _ Cil) _ C§]) _ Cg(l))),

where cj(l) is the jth component of the coefficient vector, C M of polynomial f; (x)f; (x*) and

1
0 0 0 1
) 2 4 6 0
Cz(l) = [% ] Cl(l) Cl(l) C{l) [C(?)] v (25)
8 Os O4 0, ! 1
1
Simple calculation yieldsc =2, Cél) =2+, c(]) =2, cg) =1, c(l) =1, c(l) =1+ 2, c(l) =1+ v,c%) =1+

Plugging them into the above formula of T (K, — 6C3 %) gives rise to
T(Ky — 8C3%) = n"*(v? — 4v + 4)
=n""*(v—2)%
This proves (a). The proofs of (b), (¢), (d) and (e) are similar. So we omit them here. O

From Example 5 we know that v = én — 4and § € {1, —1}, thus

T(K, — 8C3%) = n"~*(8n — 6)?, (26)
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and
T(K, — C32) =n""*(n—6)%, (=1, (27)
T(K, 4+ C3%) =n"*(n+6)%, (8 =—1). (28)

Formula (28) is the same as the result of the first term of Corollary 8 in [30]. Here we obtain it in an alternative way.

Theorem 12. For 1 <s; <sy < --- <S8, 6 € {1, —1}andn > m, let v = én — 2k and

m—1
g0 = [[e+eV &V 470 4 6P 4o 7 4 g%), (29)
j=1

Then we have

(a) g(x) is an integer coefficient polynomial of degree m — 1,

(b) (K — 8Cy ") = 8™~ """~ Tg (v).

Proof. From the proof of Theorem 11, we know that each ci(”) in (24) is an integer coefficient polynomial of 6n — 2k. O
Remark 2. The exact calculation of the number of spanning trees, T(C,""*2"**) = na?, is the essential in network reliability
analysis [9,21]. For any integers; < s, < --- < S, to find the recurrence relations of a,;, both Theorem 8 of [29] and Theorem
3.10f [12] need to calculate 25¢ (25~ 1) values of a, and then solve a system of 2°*~1(2°*~2) linear equations with unsymmetric
Toeplitz matrix. Because of the exponential size, it is hard to solve such an unsymmetric Toeplitz system for a large s, and
the stability of the process cannot be assured unless its leading principle submatrices are sufficiently well conditioned [16].
Theorem 6 of [2] claims that it is not necessary to solve such a system of linear equations, but one still has to calculate
2%¢(2%=1) values of a,. Lemma 6 gives very good expressions of the number of spanning trees, but, unfortunately, we cannot
use it in practice, since it cannot give the exact number even for small s, and n. Theorem 7 gives the exact calculation formula
that it is not necessary to calculate 2°¢(2%~1) values of a, or to solve a system of 2%~ 1(2%~2) linear equations.

5. Concluding remarks

For a large s, it is not easy to apply the recurrence relation technique derived in [29] for finding the number of spanning
trees in circulant graphs because the degree of the recurrence relation increases exponentially with si. For instance, to
evaluate T(C}?%) we have to establish a recurrence relation of order 2'9(= 524288) to get the number of spanning trees.
This is hard!

Focusing our attention on this point, in this paper we obtained direct (recursive) formulas for the numbers of spanning
trees in G where G is either a directed or an undirected circulant graph with fixed or non-fixed jumps. And for G = K, £ C,
where K, is the complete graph on n vertices and C is a circulant graph with jumpss; < s, < - -+ < sy, the numbers can also
be calculated efficiently. Our method introduced here does not need to establish the recurrence relation of order 2%, An
interesting problem would be to consider the max and the min value of the average growth rate of the number of spanning
trees by (possibly) making use of the results obtained in this paper.
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