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Abstract The asymptotic properties of the numbers of spanning trees and Eulerian trails in circulant digraphs and
graphs are studied. Let C(p, sy, 52, **, 5i) be a directed circulant graph. Let T(C(p, 51, 52, , 5)) and E(C(p,
$1s 52, %y 5¢) ) be the numbers of spanning trees and of Eulerian trails, respectively. Then

lirll—‘l;" JT(C(P.Sp 52y 7"y 5;)) =1,

p—> .,

lim 7r YECC(p, 51, 52, s)) = 1,

Furthermore, their line digraph and iterations are dealt with and similar results are obtained for undirected circulant

graphs.
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With the development of random graph theory many mathematicians have paid more atten-
tion to a class of graphs than to a single graph in the study of the global properties or the proper-
ties that almost.all graphs possess. In this paper, we will focus on such kinds of properties of cir-
culant directed and undirected graphs.

Directed graphs, to some extent, give a general model of communication networks. It was
first studied in ref.[1]. A recent survey can be found in ref. [2]. Their line digraph iterations
(e.g. de Brujin graph, Kautz graph, etc.) have been widely used in the area of designing net-
works. The reader may refer to refs. [3, 4] for recent development. On this fopic, the numbers
of spanning trees and Eulerian trails are two basic parameters to be considered. Profound studies

[5=71 | These facts motivat-

have been made on the different networks with different enumerations
ed us to study the numbers of spanning trees and the Eulerian trails. We have obtained the
asymptotic theorems for the circulant digraphs with n vertices and %2 out-degrees. We note that
for a fixed £ and p the circulant digraph with p vertices and out-degree # may have different
numbers of spanning trees and Eulerian trails. In other words in this case the role of jump se-

quences cannot be neglected. Our theorems show that when the vertices are sufficiently large in
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number, the asymptotic behavior of the numbers of spanning trees and Eulerian trails of the circu-
lant digraphs depends only on their out-degree and scarecely depend on the structure of G. Fur-
thermore, a similar result is valid forundirected cases. This phenomenon is interesting, but not u-
nique. For the asymptotic enumeration on perfect matching of k-regular bipartite graph, Schrijver

(8]

and Valiant posed in 1980 a conjecture'® which is formally similar to ours. But so far only a spe-

cial case of £ =3 has been solved. This is the first nontrivial case.
1 Preliminaries

First, we recall some definitions. The circulant digraph C(p, 51, 52, ***, 5;) is defined as the
digraph with p vertices labeled with integer modulo p such that for each vertex there are % arcs
from i to i+ sy, i+ sy, v, i+ s5,(modp) where 15, <5, < <gs<p-—1.

" The line digraph L (D) of digraph D= (V, A) is defined as follows: the vertices of L(D)
represent the arcs of Dj thatis, V(L(D))=1{uv|(u,v)E A| and the vertices uv is adjacent
to the vertex wz if v=1w. If D is a k-regular digraph (i.e. D" (v) =D (v) =k for all ver-
tices vE€ V, where D* (v)=|{(u:(v, u) EA)}| and D™ (v) = |{u:(u, v) € A}| denote
the out-degree and in-degree of vertex v, respectively). Then its line digraph is also k-regular
with | V(L(D))|=k|V(D)| and | A(L(D))| =#%*| V(D)|. Furthermore we can define the
sequence of iterated line digraph as follows:

L%(D) = D, L*Y(D) = L(L'(D)), i =0.

One can see that L'(D) is also a k-regular digraph.

In order to prove our main results, we need some lemmas. We would like to point out that
Lemmas | and 2 are known results.

Lemma 117, The characteristic polynomial of the circulant digraph is

'p_] a 4 »
X(C(Pa 519825777 Sk), A) = H(A o ESII - Eszj I Eskj),
i=0
2/ -1
v

wheree = exp
2101 et D be a regular directed graph and let X(D, x) be its characteristic

polynomial . Then the number of spanning trees of D is
T(D) = KD, &) =3B, M) 13-

Lemma

Since C(p, 51, 53, "'+, 53 ) is k-regular (each vertex has the same in-(out-) degree k). By
Lemmas 1 and 2, taking the derivative of X (C(p, sy, 52, =", 5;), A) with respect to A and evalu-
ating at A = £ we have

Lemma 3. The number spanning trees of a directed graph is

p-1 y , _
TCC posis szt s s )) = ll (B — &' — gl — vor — g8d),
=1
2ny -1

where e = exp
s!—l

Lemma 4. Let C(p, sy, 55, ", 5:) be a circulant digraph . Let polynomial f(z) = E : 2!
i=0
.rk—l v

,-1
2 .
+ D 2+t E 2" have the roots aj,az, "y o, —1. Then
4 : %
i=0 i=0
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— 1)(P-D(5=1)
T(CCp stz ) = p g — [ (1= of)

i=1
where f(1) =5+ syt + 5, — k.
Proof. By Lemma 3 we have
-1
T(C(p, 51, 52, s 5)) = I[u gt ] = g et ] — gl

5,1 f Al |

=I<1_a)n(;eu+zﬁ ———

i=0 i=0 i=0
-1 xl—l iz—l .i§—|
szI(Ze”ﬂ- Le"’ e‘j).
i=1 i={ i=0 =0 :
Since
p-1 p-l
[ (z—¢) = 2)a,

.
II

evaluating at x =1 we have
p-1
ITa-¢) =
i=1
Furthermore by the definition of f(z) and using (2) again we have

-1 p-1
T(C(P; 51;&;"';&)) :PHf(EJ) PH(EJ"G’L)H(ej_QQ) [[(5’“&’,&-:)

i=l i=1 i=
b= p-1 21

= (= 1)~ ( a}])( ﬂ"z) (E 1)

i i=0 0

J,_

— 1)(p-D(s-1) —LH(I

ﬁH

( l)(p 1)(: —1)

Lemma 4 is thus proved.
Lemma 5. Let

‘ sI—l xz"l
flz) = D02+ D+ + Z,z,

i=1{l i=10 i=0
where 15 <5, <o L gy .
If the greatest common divisor (sy, 55, %, 5,) =1, then the roots of f(z) satisfy
g |2 1y £ = 1, 2500 sp— 1
Proof. Noting f(1)50 and
(z=1)f(2) = 21+ 22+ -+ + 2% — b,
for each root a; of f(z) a;71, we have
a;ﬂ + a.;_+2 Heovery e Q‘;+k ks
Recalling that, if |a;| <1, we have
| aftbafPtomb g™ I o 1704 g 19890 4 g g B
This is a COﬂll‘&dlCthn. Therefore | a;| =1. '
Since a;71, if | a;| =1, we have
a; = cosg; + ising;, sing; =0, j = 1,2,-,5, — 1.
By (3) the above deduces to '

(1)

(2)

(3)
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cossy @; + cossa@; + ot cosspp; = k.
Hence '
coss;¢; = 1, 1 = 1,2, K,
which means q; is a unit root of degree m (m >1) and m is a common divisor of s;. This contra-
dicts the assumption (sy, 53, ***, ) =1. Thus |e; | >1, j=1,2,, 54 — 1. The lemma is

proved.
2 Main results

Now we prove our main results.
Theorem 1. For the circulant digraph C(p, sy, 52, "y 5z)s if (51,52, ", 5,) =1, then

k})
T(C(p,sl,sz,.‘-,sk))n—}%l—), p—> 0. (4)
Proof. Let
.fi—| 1
O'l(p) = ﬂ|(IJ.,P, Uz(f)) = E a‘faf,
j= 1%1'{}%9{-1
o3(p) = E afafal, -+,
l=i<j<r=y-1

.‘}—1
o 1(p) =[] of

be the elementary symmetric polynomials of af, o, -, ‘1.':1—1‘ Then we havel!!)

S,
11 (z=af) = 227 = 01(p)2% 7 + 02(p) 247 = a3(p) 2574 + -+ + (= p)37ha, 1(p).
i=1

Taking =z =1, we have

[T =af) =1-01(p) + 02(p) = 03(p) + - + (= 1) 'a, 1(p).

Noting that ¢;(1), i=1,2, ', s, — 1 are the elementary symmetry polynomials of a;, ay, ***,
a, -1, by definition of f(z) and putting =0, we have

O-s&-l(l) = ‘(_ 1)5*_10:10‘2‘“(15‘...1 =il

Hence
asi_l(p) = (= 1)&5Vepe
Since by Lemma 5 for i <s, — 1
ai(p)
Usﬂ—l(?f')

b-[}’ p—»OO,

by Lemma 4 we have
T( C(P; Sly 529 "ty Sk))
——
Ok
(= D@D 5(p) + 53(p) + -+ + (= DAlg, ()
a Gs*—l(p)
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(st DY) | (D ro(p)
a U.sk—l(ﬁ) o-sk—l(p) Gsk—l(f))

(- D% 'a3(p) (= D% (=1%o, 1 (p)
Teap) T o1 (p)

—r]_, p—»oo

The proof is thus completed.

The following result is similar to the conjecture of Schrijver and Valiant for the number of
perfect matchings of k-regular biparite graph which can be obtained by Theorem 1.

Theorem 2. For the circulant digraph C(p, sy, 52, Sp)

1
lim % FTOCE s siso ) ) | p =1y b8,
Proof. By Theorem 1 and f(1)=s; + 5, + -+ 5, — k=1, when k is fixed we have f
(D51, p>oo.

For the number of Eulerian trails we have
Lemma 6(ref.[5] or Lemma 5 of ref.[6]). Let D be a k-regular digraph with p ver-
tices. Then the number of Eulerian trails is given by
E(D) = T'(D)((k - 1!)?,
where T' (D) is the number of directed spanning trees with any vertex as its root .
Theorem 3. Let C(p, 5y, 52, =+, 53 ) be the circulant diagraph . Then its number of Eule-

rian trails has the following asymptotic property :
1
lim L;E(C(p! S19 8245777, sk)) ! b= 1
prea R
Proof. For the k-regular directed graph C(p, sy, 53, ***, 5 ), we have
- ' 1
T'(C(p, 515 525"y ) = };T(c(psslssb.”!s&))‘
where T (D) is the number of spanning ol D. By Theorem 1 and Lemma 6

, 1
1 (C(;b, 10 82, 5}2)) - m

ELC(p, 515575 5 )) 5 ﬁ(k! )2, p—> o,

()2, p—> o,

The rest of the proof is similar to the proof .of Theorem 2.

Now we turn to the iterated line digraph.

Lemma 7(Theorem 1 of ref.[6]). Let D be the k-regular digraph with p vertices. Let L"
(D) be its rth iterated line digraph. Then the number of spanning trees of L' (D), say T(L"
(D)), is '

T(L"(D)) = k*?T(D).

Using the approaches in proving Theorem 2.3, it is not difficult to get the following

Theorem 4. Let L"(C(p, sy, 52, ", 5;)) be the r-th iterated line digraph of C(p, 51, 52,
i, 55). Then the numbers of spanning trees and Eulerian trails have the following asymptotic

properties :
1
pl_i}flm ?%T(Lr(c(}b! 51! 52;'”s Sk)))%._" == 1,

lim 1

prtoo WiE(L"(C(p‘ 515 825" Sk))) }i = 1,
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where T (D) is the number of spanning tress of D .
3 Undirected circulant graphs

Like directed graph, the undirected ones have also been widely used in computer net-

[2,3]

works . Now we discuss the asymptotic properties. Because proofs are similar, we omit the

details. For undirected case, the graph C(p, sy, 52, 7, 5) with 105 <5, <o < s Q% is 2k-

regular when s, < ‘22 and (2% — 1)-regular when s, = ~22 This means that when s, < g-, Gl g,

S1s S35 %"y S ) is k-regular
Lemma 8'°'.  The characteristic polynomial of the circulant graph is
b . . _ .
Il (1= ghdmmmoghi — g8 5 nne elP=s)iy s < .2;
=0
X(C(PsSnSZ;”';Sk);A) - ’

p-1
TI (A = e5f = e — e — P8 — o — ¢B5), 5, = _22
=0

Lemma 97, For a k-regular graph I' with p vertices, the number of spanning trees T
(I') is given by
TCEY= 5797 k)
where X' (I, k) is the value of derivative function of X(I',A) at A=Fk.
Lemma 10. The number of spanning trees of C(p, 51, 52, ", 53 ) is

. ;H(Zk - IR S L O A S 10 B A <%;
T(C(p, 51552, %)) = i -
;J. (2 =1 —&tf — o = — glPms)i oo gloms )iy g = %

Lemma 11. Let

5 -1 :—l

224—22—1— : z‘+ 224-224- +Ez,vk ;
i= i=0 i=10 im()
Zz +Ez demns

i=0 i=0

f(x)r. ,nn—l

z-l-zz-i- -+ izi,sk='§,
i=1 E

and let ay, azy "y @y, " s Up—s —1 be the roots off(z), Then

V”

— 1)e-Dlp-s ~1)®
T(C Py s1a 200 50) = R H (1 of
Lemma 12. Let f(z) be defined in Lemma 11. If the greatest common divisor (sq, 53,

sy 54) =1, then all the roots aj, j=1,2,, p—s1—1, of f(z) satisfy |e;| >1.
Theorem 5. If (51,55, 5) =

1, then

?
%)T" for s, < p/2,

—_1)*
(2;(71)1), for s, = p/2.

Theorem 6. If (s5y,5,,",5,) =1, then

T(C(SL, $25 7y Sp)) —~
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1
i!{!ﬁl’ ﬁzT(c(f)s §1s 824777 Sk))if’ = 1‘ for S < 'zes

},Lrg Z—kl— 1 FTCCC P 51s 835> sig}) 2% =1, for 5, = g—

The proofs follow from the fact that 1<< f(1)<<2kp. Now we consider the asymptotic prop-
erties of the line iterations of C(sy, 53, %, 54).

In the [ollowing we assume that I is d-regular and the line graph is denoted by L(I").

Lemma 1311,  Let T(T') be the numbers of spanning trees of I'. Then the number of
spanning trees of its line graph is

TLLR)) mpe-2tige-e=bpopy,

where p and q are the numbers of vertices and edges of I'. :

Theorem 7. Let I' be a d-regular graph with p vertices. Let T(I') be the number of its
spanning trees. Then the number of spanning irees of the r-iteration of its line graph is

T(L(D)) = a)7 (e a2 000/ ey
Proof. It is easy to see that L (I') is (2d ~ 2)-regular graph with 2% vertices and
M—(—dz;:—ll edges. Making use of induction, we verify readily that L"(T) is (2"d —2" "1 -2)-
segilar, Asspretborthe muiberof verenef, IECF) ivwy, Thenwe liave
o) - %pdﬂ@‘"d —2n 1),

Therefore, using Lemma 13 repeatedly, we have
T(Lr([‘)) =2%41" v, ldvrﬂ—vr—lzur—vr_1+]dvr--z.rr_l—1 AT Plduz—vl—l T( F) 5

(2d) v ™ (%)rT(F).

Replacing n in v, +; by r, using relation v; = j,lz—pd, the proof of Theorem 7 is completed.

Theorem 8. Let I'= C(p, sy, 52, ", 53) be a circulant graph with greatest common divi-
sor (sq, 82,y 53)=1. Then

\P/T(L’(C(P; S1s 525", 5&))) = d‘(2d)-;"d(fl_:{(?.‘—ld—zi.;.l)—l)’ P — o0,

where
2k, if s %= £,
d —
2% - 1, if s, = g—.

Proof. Since r is fixed, we have

(4]
2
The proof follows directly from Theorems 5 and 7.

Remark 1. If (sy,55,", 5,)71, Theorem 1 (hence Theorems 3,4, 8) does not hold. In
fact, we may choose p, such that p,—>o, n—>o0, and the graph C(p,, s;, 2495y 5) is not
connected. This gives '

——D-l’ p—h():)

T‘(C(pn! 519 825777, Sn)) = 0
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for all integer n .

Remark 2. Inref.[12], we discussed the case C(p, 1, ¢) by using different approaches.
But those methods cannot be applied to the general case.

We would like to pose the following two open problems at the end of the paper.

Problem 1. How to consider the asymptotic properties of the numbers of spanning trees
and Eulerian trails for d-circulant digraph where d-circulant digraph is a graph whose adja-

cency matrix is a d-circulant matriz*7 A special case of this graph is called generalized de

[14,15]

Brujin graph, which was introduced by Imas and Itoh The number of spanning trees

and Eulerian trails was considered by Li Xue-Liang and one of the authors of this paper ( see

[16]). :
Problem 2. How to determine the number of Eulerian trails of the iterated line graph of
a circulant graph’?
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