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Short Communication:
Two Properties of Diagonally Dominant
Matrices
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A property of strictly diagonally dominant matrices and a generalization of a Varga’s bound for | A~} [0 to
the case | A~ B||oo are given and the two-sided bounds for the determinants of strictly diagonally dominant
matrices are derived.
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1. Introduction and notation
Let A = (a;;) be an arbitrary n x n complex matrix. If

laii| > Zlafjl,i =1,2; couyn
J#i

then A is called a row strictly diagonally dominant matrix (the column is defined similarly).
Such matrices occur frequently in mathematics and engineering. It is well known that they
are important when studying M-matrices [1]. Recently, some numerical properties of these
matrices have been obtained [2, 3] and applications of them are emerging [4, 5].

Throughout this short communication we denote the jth entry of the vector x by (x);;
superscripts T and H denote the transpose and conjugate transpose, respectively. For a
vector x = (x1, X2, ..., X,) and a matrix A, ||x |00, and || A]|oc means ||x|loo = max |x;],
and [|[Alleo = supj ;=1 | Axllco, respectively.
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2. Main results

Lemma 2.1. Leta’ = (a1, aa, ..., a,) # 0 be a real vector. If, for an arbitrary vector

IT — (xl.lXZs -Hax?l) ;éo)
alx =0

implies that |x;| < ||x||eo (i is fixed), then

lail > ) laj

JF
and vice versa.

Proof Without loss of generality we suppose thata; > 0(j = 1,2, ..., n). We need only
show the result for i = 1 and use induction on n (the dimension of vector a). Forn = 2, it
yields

aijx; = —axxz

This gives rise to a; > az, provided that
lx1] < Ix2l = Ixlleo

Now, assuming that this is true for n = k — 1, we are able to verify this for n = k. Since
the vector x # 0 is arbitrary, it is easy to see that

ay > aj, F=2,3, cousk
Let ||x]loc = |xk| > |x1], then since
aix1 +axxy+ ...+ apxp =0

we have
(a1 —az)x1 +azy +asxs+...+axp =0

with y = x1 + x». Hence,

(a1 — az)x1 + azt +agxg + ..., apx; =0

with
az(xy + x2
b= —-—-—) +x
az
this leads to b7z = 0, where b = (ay — az, a3, ...,ax)7, and z = CTN 7R T L

This is the case where n = k — 1. Therefore, by |x1] < ||x|loo = [Iz]loc and the assumption
of induction, we have
ay—az >az+...+ag

a; = E aj

which, of necessity, completes the proof.

That is



Short Communication 175

Tx =0, we have

n
ayx) = — Zﬂij
j=2

Conversely, since a

Hence, taking into account thata; > 0, j = 1,2, ..., n, this yields
n
aylx| < zﬂjl-’fﬂ
j=2

< (Zj aj) I%lloo
j=2

Noticing that a; > ):;-;2 aj, the previous inequality implies that
[xj] < lIxlloo : L

Theorem 2.1. Ann x n matrix A is row strictly diagonally dominant if and only if for any
xT = (x1,x2, ..., xn) # 0 the equality (Ax); = 0 implies

Ixjl < lIxlloo
Proof Apply Lemma 2.1. R

Lemma 2.2. Let B = (b;;) be an n x m matrix and A = (a;;) be an n x n row strictly
diagonally dominant matrix. Then

m
i—1 |bijl
”A_IB”oo < max @__,
laii| — Zj;‘_-f |aij|
Proof Since there exists an m-dimensional vector x = (x1,x2, ..., xm)! (Ix]lec = 1)
such that
1A' Blloo = 1A™ Bxlloo = 1y lloo = 1iy]
where A™1Bx = yand y = (y1, y2, ...5 ya)7, we have
m
me;x; = Qigig Yig + z GigjYj
J##ip
Hence,
Z 1bioj | max |xj| > (|am,u| b [aigjl) 1iol
j=1 J#ig
implying
m
[¥il < -————Ibm! max |x;|
Ialglnl Z Ial'gjl l=j=n i
Taking into account that |y;,| = A7 B|loo, and || X[leo =. maxlqjq:,, [xﬂ =1, thls com-

pletes the proof. i u

1
o
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T —
In the case B = I, the result of Lemma 2.2 reduces to

- 1 | {
A" loo < max —————
1<i=n |aji| — Zj;é.‘ laifl

which is the R.S. Varga’s bound [6].

Theorem 2.2. Let A = (a;;) be an n x n row strictly diagonally dominant matrix. Then
for the determinant of A the following two-sided bounds hold;

ﬁ (|ﬂn1 —¥y i 1HU|) < |det A|

i=1 j#i+1
n n
<T1 (laﬁl-l-fi > laijl
i=1 J#i+1
where
s
ri = max “f," <1; (i=1,2, ...,n—1)
i+1<k<n lakl — 207 i 11 lak;]
ry =10
Proof Let
(%)
c A
where bH = (au, aisz, - .-, al,,), Cc = {62], 31y -+ a,,])H. Then

det A = (a1 — b"AT c) det A,
Since Aj is also a row strictly diagonally dominant matrix, by Lemma 2.2 we have
[bHAT el < 11l AT ¢lloo

a1
b lak;l
=2, j#k 10kj

n
< 3" layy] max
-3 2<k=n |agk| —

n
= Z lakjl - r1
i=2

Hence, by

(lag1| — [bHAT ¢l) | det A < | det A|
< (lag1| + [6HAT cl) | det Ay
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we have

n
(Iaul —nZIaul) |det Aq| < |det A]

=4
n
=< (|ﬂll| +flz |a1ji) | det Aq|

j=2

In view of the above inequality, applying these bounds now to A1 and so on proves Theorem
22, [ |

C

Theorem 2.1 gives a theoretical result on diagonally dominant matrices and Theorem 2.2
an be used to estimate the lower bounds for the number of spanning trees of some graphs

(see [7]) and the lower bounds for the smallest singular values of such matrices (see [8]).
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