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Abstract

A sufficient and necessary condition on the existence of the path-recursive period for a
graph has been established in this paper. This disproves the conjecture proposed in [R. Shi,
Path polynomials of a graph, Linear Algebra Appl. 236 (1996) 181-187]. Some results pre-
sented in [R. Shi, Path polynomials of a graph, Linear Algebra Appl. 236 (1996) 181-187;
R.B. Bapat, A.K. Lal, Path-positive graphs, Linear Algebra Appl. 149 (1991) 125-149] have
also been included. © 2000 Elsevier Science Inc. All rights reserved.
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1. Introduction

All graphs considered here are simple and undirected.

Let G denote a graph with vertex s@f, ..., v,}. Its adjacency matrid (G) is
defined to be the x n (0, 1) matrix(a;;), whereg;; = 1 if and only ifv; is adjacent
to v;, anda;; = 0 otherwise. Them (G) is a symmetric (0, 1) matrix with each di-
agonal entry equal to 0. The determinant@ét— A(G)) is called the characteristic
polynomial ofG. Then eigenvalues ofA(G) are known as the eigenvalues of the
graphG.

* This work was supported in part by XJEC grant of China and by CERG grant HKUST652/95E of
Hong Kong.
* Corresponding author. Present address: Department of Computer Science, Hong Kong University of
Science and Technology, Clear Water Bay, Kowloon, Hong Kong. Fax: +852-2358-1477.
E-mail addressxryong@cs.ust.hk (X. Yong).

0024-3795/00/$ - see front matter2000 Elsevier Science Inc. All rights reserved.
PI:S0024-3795(00)00162-2



202 X.Yong, S. Cao/ Linear Algebra and its Applications 317 (2000) 201-205

For any positive integek, we denote byP; (1) the characteristic polynomial of
the adjacency matrix of the path of lendth- 1 onk vertices, i.e.,

Py(A) =detAl — P), k=1,23,...,

whereP;, = (p;;) is a symmetric (0, 1) matrix of ord& andp;; = 1iff |i — j| = 1,
1<, j <k. Define Po(A) = 1. For ann x n matrix M, we also make the con-
vention thatPo(M) = I, the identity matrix of orden. The matricesP, (M), k =
0,1,2,...,are called the path polynomials of the matixAnalogically, P, (A(G))
are called path polynomials of gra@1]. Recently,P (1) has been investigated by
several authors, for example [1-4].

Definition 1 [1]. Let A = A(G) be the adjacency matrix @. If there exists a posi-
tive integem, m > 2, such that

Pu(A) = [Py 2(A) + 1]+ 1,  Pus1(A) = Py 1(A) + A,

then the least integem is called the path-recursive period &, denoted by
PRRG) = m.

The following conjecture was posed by Shi [1].

Conjecture. There is a path-recursive period for any tree; indeed, for any connected
graph.

In this paper, we consider the above conjecture. According to the discussions the
answer to the conjecture is negative. Some results presented in [1,3] are included,
too.

2. The path-polynomials

The following lemma is from [4].

Lemma 1. DefinePo(r) = 1, P1(A) = A, wherea is any complex number. Then for
k > 2 the path-polynomiaPy (1) is determined by

(i) Pc(A) =AP_1(A) — Pr_2(R),

sintk + 1)0 _

k—slw, 0 = arccoéz, |}L)»| <22,
. + 1, =2,
R T ) h= -2

sinh(k + 1)6 .

~sinhg 0= arccosltgz‘, A > 2,

wheresinho andarccosm%k) are the hyperbolic sine and anti-hyperbolic cosine.
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Proof. SincePy (1) = det(Al — Py), assertion (i) is obvious [5]. On the other hand,
it is readily verified that (i) is the unique solution to the difference equation (i)l

We would like to point out that, wheln| < 2, Py (1) is the Chebyshev polynomial
of the second kind.

Corollary 2. For some numbexg, Pr(1g) = Oimplies thatjrg| < 2.

The proof of Corollary 2 is by (ii) in Lemma 1.
The following result is from Theorem 1 of Shi [1] which is also a generalization
of Theorem 2.5 in [3].

Corollary 3. Let A be am x n square matrix. If there exists an integerr> 1,
such thatP, (A) = 0, then

(a) P[(H_l)_l(A) =01r=123,...,

(b) Pris(A) =—Ps(A), 0<s <, and

(©) Porg41y+s = Ps(A), 1=0,1,2,..., 0<s <2r+ 1.

Proof. Letiq, A2,..., A, be theneigenvalues oA. Then it is seen thak, (A) =0
implies thatP,(1;) =0, j = 1,2, ..., n. Therefore, from Corollary 2, we have that
the spectral radius & p(A) = maxi<i<, |Ai| < 2. This also yields that

P,(A) = sin[(r + 1) arccog3 A)] sinarccos3 A)~* = 0,

which is equivalent to
(d) sin(r + 1) arccog3A)] = 0, p(A) < 2.

By (d) it is readily to show that assertions (a)—(c) are true. Here we give only the
proof of (a), the others follow in a similar fashion. In fact, for any integewe
have

Pyr+1-1(A)=sinlt (r + 1) — 1+ 1) arccog3 A)] sinarccoss A)
=sin[(r + 1) arccog3 A)] sinarccosi A) ™
=0.

This completes the proof of (a).[]
Corollary 3 is the main result of [1], see Theorem 1 in [1].
Remark 1. Lemma 2.4 given by Bapat and Lal [3] follows in a similar fashion.

Furthermore, (1) and (2) in Lemma in [1] are equivalent (the p(@8pt=> (1) is by
induction).



204 X.Yong, S. Cao/ Linear Algebra and its Applications 317 (2000) 201-205

3. Disproof of the conjecture

Throughout this section, we always assume that A(G) is the adjacency ma-
trix of graphG. ThusA is a symmetric (0, 1) matrix. Therefore, theeigenvalues of
A, sayi1, A2, ..., A,, are real numbers. This yields the following.

Lemma 4. Form > 2, the relations
Pm(A) - [Pm—Z(A) + I] + Iv

@
Pm+l(A) =Ppa1(A)+A
hold if and only if
Pn(Ai) = Pp—2(i) + 2,
)

Pm+l()‘i):Pm—l()\i)+)»i, i=1,2,...,n.
Proof. SinceA is real symmetric, the assertions are obvious!

Theorem5. If A; £2, i=12,...,n, then G has a path-recursive period
PRRG) = mg if and only ifmg is the least number such that

Ppo—2(Ai) = =1, Pyuy—1(Ai) =0, i=12,...,n.

Proof. According to Lemma 4, i has a path-recursive period PRP = mg, then
Pmo ()\i) = Pmo—Z()‘i) + 27

Pro+1(Ai) = Ppog—1(Xi) +2;, i=12,...,n. ®)
Since we have, for an arbitrany, that
Pnt1(hi) = Ai Pu(Ai) — Pn—1(Xi), i=212,...,n,
then
hi Pmg—2(hi) + (2 = A7) Pmo—1(hi) = —hi, @
2Ppng—2(Xi) — Ai Pmo—1(Ai) = —2.
Now
M#E2, i=1,2...,n,
yields
Puo20hi) = =1, Py 1(hi) =0, i=12...,n. (5)

Conversely, by using Lemma 4 and noting tiat — (4) — (3) we can get
the other part. OJ

Corollary 6. If there exists an inde, 1 < ig < n, such thafi;,| > 2, then G has
no path-recursive period.
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The proof of the claim can be verified by Lemmas 1,4 and Theorem 5.
Since there are a many graphs (including trees) whose spectral radii are larger
than 2, by Corollary 6, this disproves the validity of the conjecture.
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